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In this study, elastic wave propagation through cellular systems (ring arrays) is 
investigated experimentally and analytically. Five types of metal rings, which differ in 
material, wall thickness and diameter, are packed in three different arrangements: 
square packed, transverse close packed and vertical close packed. The effects of these 
factors on elastic wave propagation are found through undertaking quasi-static and 
dynamic experiments on selected ring materials, single rings and ring arrays. A 
characteristic equation governing in-plane movements in a single ring is derived from 
first principles and solved for approximate solutions and numerical results; this yields 
theoretical velocity distributions for three modes of wave propagation ─ extensional, 
flexural and shear waves. A comparison between theoretical and experimental results 
shows that the group velocities detected from experiments exhibit good general 
correlation with the theoretical velocities of flexural waves. The effects of material 
property, ring wall thickness and wave frequency on wave propagation speed follow 
theoretical predictions. Application of the proposed theoretical model is limited to the 
long wavelength/low frequency spectrum and thin wall rings. However, as actual 
cellular materials and structures generally possess a low relative density (thin cell 
walls) and exhibit low-pass filter characteristics, the theoretical model presented has 
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Natural cellular materials are very common ⎯ wood, cork, sponge and coral are 
typical examples. People have used these materials for centuries and in modern times, 
have made synthetic cellular solids. Everyday examples include honeycomb 
arrangements used in structural components, polymeric foams and more recently, 
even foamed metals, ceramics and glasses. One common feature of these materials is 
that their volume comprises both solid and gas, the solid component generally 
constituting an interconnected network of struts or plates. Many of these newer foams 
are increasingly used for insulation, as cushioning, and in systems for absorbing 
kinetic energy in impacts.  
Cellular structures are important for several reasons, both technical and 
commercial. Hilyard and Cunningham [1] have highlighted several advantages of 
cellular materials from a technical viewpoint: 
1. high specific stiffness and strength 
2. almost ideal energy absorption characteristics 
3. facilitates ergonomic comfort . 
These favourable characteristics make cellular materials suitable for structural 
applications, thermal and acoustic insulation, vibration damping, acoustic absorption, 




In contrast with the large deformation response of cellular materials, the elastic 
behaviour of cellular materials, particularly in terms of dynamic responses, has been 
relatively less studied. With respect to stress wave propagation in cellular materials, 
researchers have generally adopted analyses applicable to homogeneous solids. A 
recent study has shown that this approach may not be valid [2]. The present 
investigation focuses on the dynamic analysis of an idealized representation of 
cellular materials to study and simulate stress wave transmission through actual 
materials. This will establish whether or not traditional continuum analysis applied to 
homogeneous materials without voids can be expanded to cellular structures, or 








 LITERATURE REVIEW 
 
2.1  Structures of Cellular Solids 
Gibson and Ashby have given a definition of 
a cellular solid as, “A cellular solid is one made 
up of an interconnected network of solid struts 
or plates which form the edges and faces of 
cells.” [3]. They showed graphically three 
typical examples of cellular solids, as depicted 
in Figure 2-1 [3]. With regard to the three types 
of cellular solids, Fig. 2-1(a) shows a 
honeycomb which can be regarded as being 
primarily two-dimensional; the other two are 
three-dimensional and are foams.  Open-celled 
foams contain only cell edges, while a closed-
celled foam comprises cells sealed by solid 
faces. Apart from the material properties of the 
solid phase, the way the solid is distributed in 
the cell edges and faces critically determine the 
Fig. 2-1 Examples of cellular solids:  
(a) a two-dimensional honeycomb;  
(b) a three-dimensional foam with 
open cells; (c) a three- dimensional 





properties of cellular materials. Gibson and Ashby have tried to quantify their 
structures by applying topological laws. They presented several shapes for a unit cell 
that can be packed together to fill a plane in two dimensions, as shown in Figure 2-2 
[3]. With different packing arrangements, a single cell shape can yield structures with 
differing edge connectivities and properties (Figure 2-3) [3]. Many cell geometries 
that can be packed together to fill a three dimensional space have also been presented 
by Gibson and Ashby, as shown in Figure 2-4 [3]. 
Fig. 2-2 Polygons found in two-
dimensional cellular materials: (a) 
equilateral triangle, (b) isosceles triangle, 
(c) square, (d) parallelogram, (e) regular 
hexagon, (f) irregular hexagon. [3] 
 
Fig. 2-3 Packing of two-dimensional cells 
 to fill a plane [3] 
 
 
Fig. 2-4 Three-dimensional polyhedral cells: (a) tetrahedron, (b) 
triangular prism, (c) rectangular prism, (d) hexagonal prism, (e) 
octahedron, (f) rhombic dodecahedron, (g) pentagonal 










2.2  Physical Behaviour of Cellular Materials ─ An Overview 
Foaming dramatically expands the range 
of material properties of a homogeneous 
solid, such as the resultant physical, 
mechanical and thermal properties. By 
employing measurement methods similar to 
those used for homogeneous solids, four of 
these properties are shown in Fig 2-5 by 
Gibson and Ashby [3]; i.e. density, thermal 
conductivity, Young’s modulus and 
compressive strength. The solid bars, 
representing foam properties, always cover a 
wider range than that of conventional solids 
(shaded bars). Compared with fully dense 
solids, cellular materials generally possess specific properties such as a low density, 
low thermal conductivity, low stiffness, low strength, high compressibility, etc. These 
properties bring foams into applications that cannot be fulfilled by homogeneous 
solids, e.g. thermal insulation, packaging, structural usage and buoyancy. Most of the 
foams produced today are used in these four areas. These various applications 
motivate research related to cellular materials; i.e. study of their thermal and heat 
transfer characteristics [4], impact response [5], energy absorption, acoustic properties 
[6], etc.   
Fig. 2-5 Range of properties available to the 
engineer through foaming: (a) density; (b) 
thermal conductivity; (c) Young’s modulus; 





2.3 Relative Density ─   A Unique Feature of Cellular Materials 
A unique feature and arguably the most important one for cellular solids, is their 
relative density, sρρ * * ⎯ the ratio of the overall density of the cellular material ρ , 
to that of the solid from which the cell walls are made, sρ [3]. Foams can be made 
with a relative density as low as 0.001. Cushioning and packaging foams generally 
possess relative densities ranging from 0.05 to 0.20. Natural porous materials such as 
soft woods and cork have values between 0.15 and 0.40. Materials with a relative 
density below 0.3 are termed cellular solids; those with values higher than this are 
better thought of as solids containing isolated pores. Gibson and Ashby provided two 
diagrams to demonstrate this 
difference, as shown in Figure 2-6. In 
this study, the focus is on cellular 
solids with relative densities of less 
than 0.3. 
Fig. 2-6 Comparison between a cellular solid 
and a solid with isolated pores [3]. 
The properties of a honeycomb or a foam depend primarily on its relative density. 
Although this definition is in terms of density, relative density is actually a 
dimensionless structural parameter, which represents the solid fraction contained in 
the total apparent volume of a cellular material. Therefore, relative density can be 
related to lt , where t  is the cell wall thickness and l  is the cell edge length. Gibson 
and Ashby [3] concluded that “the relative density of a honeycomb and of a closed-
cell foam always scales as lt ; that of an open-celled foam as ( )2lt , with a constant 
of proportionality near unity”. They have provided some expressions for relative 





2.4  Investigation of the Elastic Moduli of Cellular Materials 
The mechanical behaviour of cellular solids is determined by their structure and 
the mechanical behaviour of their components. Cellular plastics in particular, which 
are also referred to as foams, are available with a wide range of mechanical responses 
because they can be produced with very different cell structures and from various 
kinds of polymers. Practical engineering applications of these cellular plastics 
motivate investigation into their structure-property relationships.  
In general, polymeric foams possess highly irregular three-dimensional cell 
structures, and their cell wall material exhibits nonlinear viscoelasticity. Polymeric 
foams are often expected to function under conditions involving large, complex 
deformations. Previous experimental and theoretical studies involving the mechanical 
properties of foams have mostly been concerned with static elastic behaviour. 
The first theory to relate the apparent Young's modulus *E  of an open-cell foam 
to the volume fraction of solid materialφ , was proposed by Gent and Thomas [7]. 
They modelled the foam structure as a collection of thin elastic threads of material 
that are connected by spherical joints which do not deform. They also assumed that 
when the foam is deformed, the displacement of the joints is affine; therefore, the 
motion of the thread ends is determined entirely by macroscopic deformation. The 
total strain energy of the foam is obtained by summing the contributions from 
individual, randomly oriented threads, which only deform by stretching. For low-










                                              (2-1)   
where E  is the Young's modulus of the solid material.  
Gibson and Ashby [3] also tried to relate the ratio of these two moduli, E
E *
, to the 
relative density of cellular materials 
Sρ
ρ *
. By representing an open-cell foam via a 
three-dimensional cubic model (Figure 2-7), they established a relationship between 










ρ **     (2-2)   
where C is a constant involving all geometric constants of proportionality and n is 
determined by the assumed deformation mode of the struts. In the case of C = 1 and n 








              
 
                         Open cell                            Closed cell                                      
                                                  (a)                                                       (b) 
Fig. 2-7  Modelling of a cell in cellular materials 
(a) Three-dimensional Cube (Gibson & Ashby [3])   







To obtain more accurate relationships between the constants C, n and the cell-wall 
material properties, Patel and Finnie [8] studied more complex cell shapes such as the 
pentagonal dodecahedron. They found that such a geometry better approximates the 
physics of the foaming process in the formation of cellular materials. 
 
2.5  Deformation Behaviour of Foams 
Gibson and Ashby [3] classified the response of foams under compression into 
three types: elastomeric, elasto-plastic and elastic-brittle. Schematic stress-stain 
curves for these three types of responses are shown in Fig.2-8. Generally, three phases 
are found in each of these stress-stain curves: a linear elastic response at small strains, 
followed by an extended plateau and finally a steep rise in stress at large strains. 







Fig.2-8 Typical compressive stress-stain curves for foams (Gibson & Ashby [3]): 






For cellular materials, the initial elastic response corresponds to uniform 
deformation of cells, resulting from bending of cells walls and/or stretching of cell 
faces. In this phase, only a small fraction of the total strain occurs, and the apparent 
elastic modulus of the cellular material *E  is defined by the initial slope of the stress-
strain curve. Following the elastic response phase is a long collapse plateau. Here, the 
principal mode of deformation is the elastic buckling of cells in elastomeric foams, 
plastic yielding in elasto-plastic foams and brittle-crushing in elastic-brittle foams. 
The major portion of the total strain occurs in this phase and the crushing force does 
not change much, as shown in Figure 2-8. In the final phase, known as the 
densification region, the cell walls and/or faces have almost completely collapsed and 
cell material is compacted together as the strain further increases, resulting in the 
rapidly increasing stress. 
The relative density of foam is a primary factor that affects the values of stress 
and strain demarcating each phase, but the general trend remains. For example, 
increasing the foam density will increase the apparent elastic modulus, raise the 





2.6  Elastic Wave Speed Through Cellular Solids 
There is now interest in the dynamic response of cellular solids. The properties 
mentioned earlier — i.e. impact response and energy absorption, are some of the 
dynamic characteristic of a cellular material. Under dynamic loading, the response of 
a structure becomes time dependent. In many branches of engineering mechanics such 
as statics, kinematics, solid-body dynamics, basic strength of materials and classical 
elasticity theory, the entire body of interest is considered to be in equilibrium with the 
applied forces. However, when forces are applied over a short time duration and 
measurements or observations are made during these very small intervals of time, 
stress wave effects must be considered [9].  
The theory of elastic stress wave propagation through homogeneous continua is 
well-established. From fundamental equations of motion for an element of material, 
the speed at which a one-dimensional extensional wave propagates can be shown to 
be defined by the elastic modulus and the material density.   
ρ
ECs =                                               (2-3) 
With respect to a cellular solid, it is expected that this expression can be used to 
determine the elastic extensional wave speed through the cell wall material. However, 
from a macro or structural perspective, the stress in a cellular structure involves not 
only extensional stresses, but also flexure, shear, torsion, etc, on the solid 
microstructure. Furthermore, the paths along which the stresses travel in the solid 





Prediction of the apparent wave speed at which stress travels through a block of 
cellular material, is therefore not a straightforward process. It requires information on 
the microstructure of the cells, such as cell size, shape and the way cells are packed. 
To avoid having to deal with complex microscopic details, some researchers have 
attempted to employ the apparent elastic modulus, *E  and apparent density,  in 
Eqn. (2-3). In their investigation on the response of one-dimensional metal ring 
systems to end impact [10, 11, 12], S. R. Reid et al. have used this approach to 
calculate the elastic wave speed through a single column of metal rings with and 
without plates separating adjacent rings. Figure 2-9 shows the plated and unplated 
rings chains used in their experiments. Table 2-1 shows the elastic wave speeds they 





(a) Unplated ring chain   (b) Plated ring chain 
Fig. 2-9 Ring chains used in the experiments conducted by S. R. Reid et al. [12] 
 
 
Table 2-1 Elastic wave speeds in mild steel ring chains  
(D =50.8 mm, h = 1.6 mm) [12] 
Ce (m/s)  
Type of Chain
Theory Experiment 
Unplated 189.2 170.9 







From the results shown in Table 2-1, Reid et al. thought that the observed elastic 
wave speeds appears to agree reasonably well with theoretical results based on 
equation (2-3). However, it should be noted that this was based on a very limited 
number of experiments. They considered only one size of mild steel rings with a 50.8 
mm diameter and 1.6 mm wall thickness, in one packing arrangement of a single 
column. Tests on a single configuration may not be conclusive with regard to the 
elastic wave speed being governed by the apparent elastic modulus and apparent 
density. Furthermore, the fact that the elastic waves transmitting in the plated ring 
chain are slower that that in the unplated ring chain is most probably because they 
were delayed by the plates placed between adjacent rings. Therefore, further 
investigation needs to be undertaken to examine whether or not traditional continuum 
analysis applied to homogeneous materials without voids can be expanded to 
accommodate cellular structures, or whether an alternative approach must be adopted. 
In general, the propagation of elastic waves is dispersive. Characteristic equations 
of wave motion show the relationship between the phase velocity of the wave, the 
wavelength, the lateral dimensions and material properties. Starting with the general 
theory of elasticity and applying the boundary conditions, the exact theory is so 
complex that only a few simple cases have exact characteristic equations. A number 
of approximate theories have thus been developed. There are three levels of 
approximation in the analysis of flexural waves in a straight rod. In elementary theory, 
also called the Bernoulli-Euler theory, it is assumed that plane sections originally 
normal to the centroidal axis of the beam remain plane and normal to the 
deformed axis after bending. The next level of approximation assumes that elements 





Rayleigh theory [13]. As a further refinement, the analysis by Timoshenko [14, 15], 
assumed that elements are subjected to shear stresses in addition to transverse motion 
and rigid body rotation. Figure 2-10 [16] shows a comparison between results for 
flexural waves based on these three theories and exact theory. It is seen that the 








Fig. 2-10 Dispersion relations from Timoshenko, exact, Rayleigh and  
Bernoulli-Euler beam theories [16, 20]orley’s theoretical approach [17] to wave motion in a circular ring, correction 
al shear was incorporated, as was done by the Timoshenko theory. The non-
ional phase velocity distribution according to Morley’s theory is shown 
ally in Figure 2-11. The three branches of the dispersion curves shown in the 











Fig. 2-11 Phase velocity distributions based on the Morley theory for a ring with a/R=0.106 [18] 
C0 is the phase velocity of extensional waves in a straight thin bar, given by ρE  
a is the radius of the circular cross section of the ring 


























Mode 2: flexural 
α  
α  
Mode 6: shear 
Mode 5: shear
(a)      (b) 
Fig. 2-12 (a) Phase velocity distributions based on the Wittrick theory for a helical spring 
with a/R=0.106 and α =3.9° [18] 
(b) Motion directions of solid element for the six wave modes  
C0 is the phase velocity of extensional waves in a straight thin bar, given by ρE  





With respect to elastic wave propagation along a helical spring, Wittrick [19] 
presented a Timoshenko-type theory, in which the curvature is assumed to be slight. 
Six distinct roots can be obtained from his resultant characteristic equation, which 
includes both in-plane and out-of-plane motions. Figure 2-12 shows graphically the 
non-dimensional phase velocity results from Wittrick’s theory.  
Britten and Langley [18] conducted some experimental studies on wave 
propagation in helical springs to compare experimental results with those predicted by 
the Morley and Wittrick theories. Figure 2-13(a) shows the test specimen and (b) the 
diagrammatic experimental set up. A stress pulse is induced by utilizing the 
magnetostrictive properties of nickel. The results are shown as distributions of arrival-
time in non-dimensional form in Figure 2-14. The solid lines are theoretical 
predictions of wave arrival-time for a value of a/R = 0.106. The parameters t and TP 
are respectively time and the predominant period of the stress wave. Ta (=a/C0) and T0 
(=x/ C0) represent respectively the time taken by stress wave to travel the radius a and 
the distance x in terms of the bar velocity C0. Curves 1 and 2 are associated with 
flexural and longitudinal modes of propagation in a circular ring, while curve 3 is for 
flexural waves in a Timoshenko straight rod. The arrival time together with the 
predominant period was measured in their experiments, and plotted as points in 






















Fig. 2-13 (a) Helical spring specimen 
(b) Devices for initiating stress pulses into the helix  








(a) the Morley theory                                      (b) the Wittrick Theory 
t / T0t / T0
Fig. 2-14 Comparison of experimental data on wave propagation in rings  
with predictions by the (a) Morley and (b) Witrrick theories. [18] 






From the theoretical and experimental efforts described, it is found that elastic 
waves propagate through a circular ring via several modes; motion in the plane of 
curvature corresponds to flexural, extensional and shear waves. One fundamental 
result from these studies is that the propagation of elastic waves, regardless of mode, 
is wavelength (or frequency) dependent; i.e. elastic wave with different wavelengths 
or frequencies travel through a curved rod at different velocities. Obviously, the wave 
velocity determined from the expression of ρE  is unable to capture this feature of 
wavelength/frequency dependence. Therefore, present study is directed at the 
dynamic response of a cellular system (made of rings) subjected to planar impact at 
one end, to investigate the effects of structural factors such as ring size and packing 
arrangement, as well as wave characteristics (wavelength/frequency) on the 






2.7  Objective and Scope of Present Work 
The objective of this investigation is to undertake an analysis of an idealized 
representation of a cellular structure to simulate stress wave transmission through 
actual cellular materials. The establishment of an idealized representation of a cellular 
material is effected by employing a metal ring array; various experiments are then 
conducted to determine the static and dynamic responses of such systems. 
Subsequently, wave propagation through a ring system is analysed theoretically from 
first principles, and experimental results are compared with theoretical predictions.  In 
simulating actual cellular materials by ring systems, various parameters such as 
apparent density and modulus, relative density, cell shape/size, packing arrangement, 
and cell wall material properties are studied. It is envisaged that this will help 
establish a more global model that describes elastic stress wave propagation in 
cellular structures.  The rest of this chapter discusses briefly the framework of the 
study.  
As highlighted in the literature review, actual cellular materials such as 
polyurethane (PU) foam usually possess complicated three-dimensional structures, 
making direct analysis of stress propagation through them very difficult. Because a 
two-dimensional situation is easier to visualize, formulate, and solve, it is an attractive 
starting point for the development of micro-mechanical models for cellular solids. As 
an initial simplification, identical thin-walled rings, packed in different ways, are 
examined. This results in the three ring array arrangements shown in Figure 2-15. 
These relatively simple structures are then studied in terms of how they can simulate 









  (a)                                                 (b)                                               (C) 
Fig. 2-15 Three arrangements of ring systems;  
(a) square-packed (b) transverse close-packed  (c) vertical close-packed  
 
Metal ring systems were assembled from five types of rings of different material, 
cell wall thickness and diameter.  The shape of a ring is shown in Figure 2-16 and 









 Fig. 2-16 Ring geometry
 
 Table 2-2 Dimensions of rings 
Size (mm)  
Serial Material 
hD×  b
1 Brass 14.25 ×  
2 Brass 11.38 ×  
3 Brass 31.38 ×  
4 Aluminum 11.38 ×  





Such representations possess many features that can be utilized to model actual 
cellular materials. Rings of different diameters can be used to simulate foams with 
larger or smaller cells. This can also be correlated with the relative density of the ring 
array, if the wall thickness remains unchanged. The three packing arrangements 
shown in Figure 2-15 might also represent variations of anisotropy in foams. 
To investigate stress wave propagation in the three ring arrays shown in Fig. 2-15, 
some of their properties must be determined through calculations or experiments. 
Their relative densities can be computed based on the dimensions of the rings. The 
apparent global elastic modulus can be determined from load-deflection tests and the 
apparent stress wave speed through them from impact experiments.  
The simple structure of these idealized representations makes it possible to apply 
theoretical analysis to stress wave propagation through ring arrays. As a circular ring 
is the basic element in these systems, propagation of stress through the ring systems 
can be studied by analyzing stress wave transmission through a single ring. The 
results of the theoretical analysis can then be compared with experimental data and 









 EXPERIMENTAL TESTS AND ANALYSIS  
 
The preceding chapter introduced the concept of an idealized representation of 
cellular material via a tight packing of identical circular metal rings in three 
arrangements. Such ring arrays are employed in this study to investigate elastic wave 
propagation in cellular structures. Experimental tests are undertaken to determine 
their static mechanical properties (e.g. apparent Young’s modulus) and dynamic 
response (e.g. apparent stress wave speed). 
With respect to these ring arrays that constitute an idealized representation of 
cellular structures, the properties of primary interest are the overall density ( *ρ ), 
density of the ring material ( Sρ ), apparent elastic modulus of the ring array ( *E ), 
elastic modulus of the ring material ( ) and the apparent wave speed through the 
ring array ( C ). These parameters can be related to corresponding properties of actual 
cellular materials. Determination of the values of 
SE
*
*ρ  and Sρ  is straightforward; the 
volume occupied by a ring array and the mass of all rings in the array are measured, 
and the volume of the solid fraction of the ring array is calculated from the ring 
dimensions, e.g. outer diameter, width and wall thickness. The value of *ρ  is defined 
by the ratio of the mass to the apparent volume, and Sρ  can be calculated from the 





The value of  can be determined through tensile tests on the ring material. 
Material property reference books also present values that can be compared with those 
obtained from experimental tests, to check the acceptability of experimental values. 
With regard to the apparent elastic modulus 
SE
*E  and the apparent wave speed C , 
these are determined by employing specially designed experimental arrangements. 
The value of the elastic modulus is determined from quasi-static compression tests, 
while the speed of elastic wave propagation is measured through impact tests.  
*
 
3.1 Determination of Density and Young’s Modulus of Ring Material 
Density ρ  and Young’s modulus E  are two fundamental mechanical properties 
of a material. These values are used to calculate the bar velocity C of extensional 
waves in a given material through the expression ρEC = . This velocity is generally 
taken as a reference for comparison with other wave velocities determined 
theoretically and experimentally. Therefore, a primary requirement is to determine 
these two properties for the materials in this study. 
3.1.1 Material Density Measurement 
The density of the rings is obtained from their weight, volume and dimensions. 




















Al alloy tube 0.038 0.003 0.483 410593.1 −×  0.429 2,693 
Brass tube 0.038 0.003 0.512 410689.1 −×  1.385 8,199 
Compared with the values of similar 
materials listed in a material property 
reference [21], as shown in Table 3-2, 
the values obtained correlate closely and 
are used in subsequent analyses.  





(Kg/m3) Brass Alloy 
Density 
(Kg/m3)
EC, 1060 2,700 Red bass, 85% 8,750 
EC, 2011 2,710 Yellow brass 8,470 
EC, 3003 2,730 Forging brass 8,440 
EC, 5056 2,640 Naval brass 8,410 
Data from ASM Metals Reference Book, Third 
Edition, Michael Bauccio, Ed., ASM International, 
693,2=Alρ   Kg/m3
199,8=Brρ   Kg/m3 
 
 
3.1.2 Determination of M
The modulus of elasticity 
slope of the elastic portion o
stress–strain curve, as show
Figure 3-1. To obtain the st
strain response of the ring mat
metal tubes were cut 
longitudinal strips, as show
 (3-1)
Materials Park, Ohio, P152 (1993) 
 


















Fig. 3-1 Elastic stress-strain relationship showing 





Figure 3-2, and subjected to quasi-static tension at a rate of 2 mm/min using an 








Strain gauges were glued onto the 
centre of each specimen to record the 
change in strain during tensile loading. 
The corresponding stress applied was 
calculated from the force reading of 
the Instron Machine and the cross-
sectional area of the specimen. The 
resulting stress-strain curves were then plotted; an example is shown in Figure 3-3. 
The elastic modulus E  is determined from the slope of the straight line that fits the 

















GPaE 117=  
   Fig. 3-3 Stress-strain curve for a brass sample
Six samples, comprising three made of aluminum alloy and three made of brass, 
were subjected to tensile tests. The samples tested were photographed and are shown 
in Figure AF-3. All the six stress-strain curves obtained are presented in Appendix B 





Table 3-3 Elastic moduli determined from tensile tests 
Young’s Modulus   (GPa) E
Material 




Al alloy 66.3 64.2 67.1 65.9 
Brass 117.0 116.6 127.5 120.4 
 
The average values of E  listed in Table 3-3 were then taken to be the Young’s 
moduli of the ring materials, i.e. 
9.65=AlE   GPa  




3.2 Determination of Extensional Wave Velocity 
0C  denotes the velocity of elastic extensional waves that pr
its value is given by [22] 
ρ
EC =0  
Substituting the values of E  and ρ  determined for alumin
equation (3-3) gives the speed of extensional waves transmitting
















EC ρ   m
 (3-2)opagate in thin rods; 
 (3-3)ium alloy and brass, 

















Fig. 3-4 Experimental setup to determine the velocity of extensional waves 
To verify if these calculated speeds compare well with actual values, the velocities 
of extensional waves are also obtained experimentally. Therefore, aluminium alloy 
and brass tubes were subjected to axial impact tests to determine the elastic wave 
propagation speeds in the direction of the tube axis. The experimental setup is shown 
in Figure 3-4. An impact hammer was used to strike the top of the metal tube to 
generate stress waves that travel down the tube. The force transducer built into the 
hammer was triggered and the force 
converted into a voltage signal recorded 
by a Digital Signal Oscilloscope (DSO). 
When the stress wave reached the 
bottom of the tube, it triggered another 
force transducer placed there and the 
resulting voltage signal was also 
recorded simultaneously by the same 
 
 
Fig. 3-5  Typical force-time signals recorded on a 





DSO. Figure 3-5 shows a typical signal recorded on a DSO, where the 
commencements of the force signals are marked by A and B. The time interval 
between points A and B gives the time taken by the stress wave to transmit through 
the tube. A FORTRAN program was written to ascertain objectively the point of 
commencement of the signals; Appendix C describes the algorithm used and the 
program. 
For each material ─ aluminium alloy and brass ─ six tubes of different lengths (as 
shown in Figure AF-4) were subjected to impact tests to determine the travel times for 
the stress waves generated. All DSO signals obtained in these tensile tests are 
presented in Appendix J. Graphs were then plotted with travel time as the abscissa 









(a) Aluminum alloy tube                                                    (b) Brass tube 
 
Fig. 3-6 Linear fit for time taken for stress to travel through a tube 
 
 
When a trend line is fitted to the points in each diagram in Figure 3-6, the velocity 















     (m/s)    (3-4) 
Comparing the values in Equations (3-3) and (3-4), the wave speeds determined 
from impact tests are comparable with those calculated from the expression ρ
E . 
This shows that the densities, elastic moduli and wave velocities determined from the 
experiments are consistent with elastic wave propagation characteristics.  
 
3.3 Response of a Single Metal Ring to Quasi-static and Dynamic 
Loading 
A single metal ring is the basic unit of a ring array, which are considered idealized 
representations of cellular structures. Therefore, it is necessary to investigate the 
response of a single ring under quasi-static and dynamic loading. Through various 
tests, the apparent elastic moduli of different rings under lateral loading, the response 
of a ring under impact loading and the stress wave velocities through single rings are 
determined. 
3.3.1 Compression Tests on a Single Ring 
To determine the equivalent elastic modulus of a ring loaded laterally across its 
diameter, ring samples were subjected to quasi-static compression at a rate of 2 
cm/min using an Instron universal testing machine (Model 8510). As with 





deflection response for ring compression is plotted and the equivalent modulus E  is 
given by the slope of the line that fits the linear portion of the curve. Five different 
rings were subjected to compression tests and their load-deflection responses, 
converted into stress-strain curves, are listed in Appendix H. The average value is 
taken as the equivalent elastic modulus for each type of ring (see Table 3-4). 
*
In addition to experimental determination of 
the equivalent elastic modulus of a circular ring, 
this can also be calculated based on its material 
properties and dimensions. As shown in Figure 
3-7, the change in diameter of a ring subjected 
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where  and  are the changes in the horizontal and vertical diameters 
respectively, (an increase is positive), and R
HD VD
c is the radius of the centroid of the ring 
cross section, given by 
2
hD − .  
Based on Hooke’s law, the equivalent elastic modulus of the ring is then given by 
ε
σ=*E  




















EIE =                             (3-6) 
The equivalent elastic moduli of the five different rings subjected to compression 
tests were calculated using Equation (3-6) and compared with values determined 
experimentally. Table 3-4 summarizes the results from compression tests and from 
calculations. Comparing each *E  with its corresponding *E , there is only a small 
difference. This indicates that the experimental results for *E  are acceptable. 
  
Table 3-4 Results from compression tests and calculation of related parameters 
Size (mm)  










ECT =  (m/s)
1 Brass 14.25 × 974 34.2 37.1 187.4 
2 Brass 11.38 × 658 8.53 10.55 113.8 
3 Brass 
120.4 
31.38 × 1868 303.2 336.3 402.8 
4 Al alloy 11.38 × 216 6.89 5.77 178.5 




614 187.3 184.0 552.4 
1. D, h and b are outer diameter, wall thickness and width of ring, respectively 
2. Material moduli E were determined in previous section, as given in Eqn (4-2) 
3. Equivalent density *ρ  is given by  (mass of a ring)/(bD2) 
From the equivalent elastic moduli and densities determined, elastic wave speeds 
can be calculated using the expression ρ
E ; these theoretical velocities are also listed 
in Table 3-4. Their values will be compared with those determined experimentally to 
ascertain whether or not the expression ρ
E  appropriately describes the propagation 





3.3.2 Determination of Elastic Wave Speed in a Single Ring by Impact Testing 
To determine experimentally the speed that an elastic wave takes to travel through 
a ring, single rings were subjected to lateral impact, as shown in Figure 3-8. An 
accelerometer was attached to an impinging mass, which can slide smoothly along 
guide rods. When the impacting mass is dropped to achieve free fall impact against a 
ring sample, the accelerometer output describes the change in acceleration of the mass. 
From the mass of the body, the impact force can be calculated using Newton’s Second 
Law. A force transducer is placed underneath the ring sample to record the impact 









Digital Signal Oscilloscope 
Supporting Plate 
Fig. 3-8 Experimental setup to investigate wave transmission through a single ring
All the five types of rings listed in Table 3-4 were subjected to such impact tests. 
Figure 3-9 shows two typical diagrams obtained. In both diagrams, the blue signal is 
from the accelerometer and the pink one from the force transducer. Figure 3-9(a) 





of the wave front. Note that a second ordinate is used in (b) to describe the amplitude 
of the force transducer response, which is actually much smaller than that of the 

































































(a) complete wave form                                (b) wave front of impact signal  
Fig. 3-9 Impact signals for a single metal ring  
From Figure 3-9(a), it can be seen that the signal produced by the accelerometer 
contains many high frequency components, while most of them are filtered out after 
transmission through the ring, as shown by the force transducer signal. To further 
illustrate this, Discrete Fourier Transforma
convert them from the time domain to 
the frequency domain. The result is 
shown in Figure 3-10. It is evident that 
high frequency components around 
100,000 Hz were filtered and absent in 
the output signal. Another feature 
evident in Figure 3-10 is that some 























frequency components in the output signal possess much higher amplitudes than in 
the input signal. To identify the cause of this unexpected phenomenon, the DFT signal 
is filtered and an inverse Fourier transform applied to show the stress wave for 
specified frequencies. 
Through filtering unwanted frequency components in the DFT spectrum of the 
signals and then applying the inverse Fourier transform, stress waves corresponding to 
specified frequencies can be isolated in the time domain. Figure 3-11 shows one 
signal recorded by the force transducer and four of its filtered components 
corresponding to specified 
frequencies. The low frequency 
signal ( ) contains 
most of the impact energy. It also 
indicates that the colliding mass 
contacted the ring at about 0.005s, 
and lost contact at 0.012s. The 
2,050 Hz Signal is also within 
the impact contact duration, 
while the 950 Hz and 3100 Hz 
signals appear only after loss of 
contact. This indicates that these 
two frequency components were 
the result of free vibration of the 
ring after impact. These 










































































components of the output signal having higher amplitudes than the input force, as 
illustrated in the DFT spectrum in Figure 3-10. 
To determine the wave propagation speed through a single ring, one has to 
measure the time interval between the commencements of the input and output signals. 
The FORTRAN program list in Appendix C is again used to locate the starting points 
of these signals, from which the time interval can be determined. Table 3-5 presents 
the wave travel times for all five types of rings. From the diameters of these rings, the 
apparent wave speeds C can be calculated by dividing the respective ring diameters 
by the travel times. As stress waves can only travel along the solid wall of a ring, the 
actual wave speed C  along the ring wall is also calculated by dividing the semi-







in Table 3-4, are also listed in Table 4-5 for comparison. 
Table 3-5 Wave speeds determined from impact tests on single rings 
Size (mm) 
Serial Material
hD×  b  
Time interval













ECT =  
(m/s) 
1 Brass 14.25 ×  10 10.84 2344 3682 187.4 
2 Brass 11.38 ×  10 16.98 2244 3525 113.8 
3 Brass 31.38 ×  10 15.83 2407 3781 402.8 
4 Al alloy 11.38 ×  10 11.41 3341 5247 178.5 
5 Alalloy 31.38 ×  10 11.69 3259 5120 552.4 
1. D, h and b are respectively the outer diameter, wall thickness and width of ring; 
2. TDCE =*  , apparent wave speed through the ring diameter; 





Based on the data listed in Table 3-5, it is evident that the values of the measured 










 . Furthermore,  is affected by ring dimensions, such as the diameter 
and wall thickness, while C  remains roughly constant if the ring material is 






 is not suitable for 
describing propagation of the fastest stress wave in circular rings. 
The question to address is the type of stress wave that travels fastest in a circular 
ring. It is noted that the values of C  listed in Table 3-5 are the actual velocities at 
which stress propagates through the solid wall of a ring. They are much closer to the 











     (m/s)  
Moreover,   remains constant even though the ring diameter and wall thickness 
vary, as long as the ring material is the same. This is also the case for extensional 
wave propagation in a thin rod, as long as the lateral dimensions of the rod are 
sufficiently smaller than the wave length. Therefore, it appears that the fastest wave 
detected in experiments corresponds to extensional stress waves, which travel through 
the solid wall of the ring at the bar velocity.  
EC
Nevertheless, extensional waves may not be the prevalent stress wave propagating 
through a circular ring, although they are the fastest. Figure 3-9(b) shows that the 
amplitude of the extensional wave reduces to a very small magnitude after it 





will vanish after travelling through a few rings in an array. This raises the issue of the 
type of stress wave that carries the most energy and how it travels through a cellular 
system. The experiments described in the following section constitute a primary 
investigation into identifying these aspects. 
 
3.4 Determination of Wave Velocity in Ring Arrays 
3.4.1 Experimental Procedure 
To investigate the propagation of elastic wave propagation in cellular systems, 
tightly packed arrays of identical circular metal rings are subjected to impact loading 
at one end to determine the propagation velocities of the impact-generated stress 
waves. As shown in Figure 3-12, the five types of rings were packed in three 




 (a) (b) (c) 
 Fig. 3-12 Three arrangements of ring arrays for determination of stress wave speeds




Figure 3-13 shows the experimental arrangement for impact tests. An 
accelerometer was attached to a colliding mass, which is dropped onto a ring array. 
The falling mass was guided by vertical rods and generated stress waves upon impact. 
The accelerometer recorded the deceleration of the colliding mass. As the impact-
generated stress wave transmitted down through the ring array, the force transducer 
placed at the bottom of the array recorded the stress that passed through the array. 
Two voltage signals were then generated respectively by the accelerometer and the 
force transducer. After magnification by voltage amplifiers, these signals were 
recorded on a Digital Signal Oscilloscope (DSO). Figure 3-14 shows typical signals 
obtained. In both diagrams, the blue signal is from the accelerometer and the pink one 
from the force transducer. Fig 3-14(a) shows the complete impact duration, and Fig 3-
14(b) is a magnification of the stress wave front. For every ring arrangement, the 
impact mass was released from three different heights ― 20mm, 40mm and 60mm ― 
with respect to the top of the array, to investigate the effect of the impact force 
amplitude on stress wave propagation. 
Data recorded in the DSO was processed to determine the time required for the 
elastic wave to travel through the ring array. The travel time is defined by the duration 
between the commencements of the two signals, identified from plots like those in 
Figure 3-14 (b). From the heights of the arrays and the length of the shortest routes 
travelled by the stress waves, the apparent velocity and actual wave velocity (through 
the solid wall of the ring array) were calculated. Discrete Fourier Transformation was 
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(a) Total duration of signals     (b) Close-up of wavefronts  





3.4.2 Results of Impact Tests on Ring Arrays 
Two types of metal rings ─ aluminium alloy and brass ─ were tightly packed in 
different arrangements and subjected to impact by a falling mass to determine the 
velocities at which stresses transmit through them. To identify factors that might 
affect the propagation of stress waves, a variety of ring arrays were tested. For 
example, rings with different wall thicknesses and outer diameters were used; they 
were packed in three arrangements, namely square packed, transverse closed packed 
and vertical closed packed; the array were packed with and without constraints at their 
sides to respectively prevent and allow lateral expansion; the drop height was also 
varied. All DSO signals obtained are consolidated in Appendix L. Table 3-6 presents 
the overall wave velocities determined from these impact tests. Analyses with respect 
to various factors are presented in the following sections. 
 
3.4.3 Data Analysis 
Although the overall data on wave velocities for the various ring arrays are 
presented in Table 3-6, it is necessary to analyze the test results with reference to 
specified parameters, such as ring wall thickness, presence of side constraints, 
packing arrangements and drop height. Identification of the effects of each parameter 
on stress wave propagation provides an understanding of elastic stress wave 













Constraint at sides 



















































































1. Effect of impact force intensity on wave propagation 
As mentioned previously, the impacting mass was released from three different 
heights, 20mm, 40mm and 60mm, to strike a ring array. This would result in different 
impact energies. Figure 3-15 shows three sets of results for an array subjected to 
impacts from different heights. It is evident that the amplitudes of the stress signals 


































































 (a) 20mm                                   (b) 40mm                                     (c) 60mm 
15 Acceleration and force signals obtained by impacting the same sample from three
different heightstuitive that different drop heights would generate impact forces of different 
s. The issue is whether or not this results in different frequency components 
nals. To examine this, Discrete Fourier Transformation is applied to the 
d their resulting frequency distributions compared. From the DFT plots in 
6, it is found that the frequency spectra of both the accelerometer and force 
 responses are similar for the three signals corresponding to different drop 







































 (a) DFT of Accelerometer Responses                  (b) DFT of Force Transducer Responses   
proportional to the drop height. Therefore, the drop height only alters the amplitude of 
the stress induced, but does not affect the frequency spectrum.  
Figure 3-17 presents data to illustrate whether there are differences in wave 
velocity caused by different drop heights. Each diagram represents a particular ring 
arrangement. The three columns in each diagram represent the velocities 
corresponding to three drop heights. There does not seem to be a consistent trend, 
indicating that there is probably no relationship between wave velocity and drop 
height. It should also be noted that the difference among the three velocities in each 
diagram is small and are probably caused by experimental scatter.  
The conclusion is that the impact force amplitude does not affect wave 
propagation velocity. Therefore, for convenience in assessing the other parameters 
investigated, average values are calculated from the wave velocities corresponding to 
the three drop height. Consequently, the apparent velocities in Table 3-6 are revised, 




































































(a) 38.1x1 mm Brass rings in a 
vertical close packed arrangement  
(b) 38.1x3 mm Brass rings in a 
square packed arrangement   
(c) 25.4x1 mm Brass rings in a 































































(d) 38.1x1 mm Al alloy rings in a 
transverse close packed arrangement 
(e) 38.1x3 mm Al alloy rings in a 
square packed arrangement 
(f) 38.1x3 mm Al alloy rings in a 
vertical close packed arrangement 
   
Fig. 3-17 Examples for comparison of wave velocities  
corresponding to different drop heights of 20, 40 and 60 mm 
  
 

















































2. Effect of  ring material properties on wave propagation 
Aluminium alloy and brass rings were tested. To determine the effect of material 
properties on stress wave propagation in rings system, wave velocities through ring 
arrays with rings of the same size but different materials are compared.  
In Figure 3-18, each pair of columns shows a comparison of the wave velocities in 
aluminium alloy and brass ring arrays. For a pair of columns, the packing 
arrangement and ring size are identical; only the ring material is different. From the 
relative heights of the columns in each pair, it is evident that stress transmission in 
aluminium alloy ring arrays is always faster than in brass ring arrays. This is expected 
because it has been established that BrAl CC 00 > , where  = 0C ρ
E
0
 is the extensional 
wave velocity in thin bars. The values of C  for the two materials have been 































































Al alloy ring array
Brass ring array 
 
 





C  1.08 1.14 1.25 1.20 1.31 1.25 1.17 1.49 1.74 
 Fig. 3-18 Comparison of stress wave velocities  

















C , it is 




C  values shown in Figure 3-18 are close to this number, 
except those for thicker wall ring arrays. It appears that the effect of material property 
on wave propagation in thin bars is similar to that on ring arrays, particularly for thin 
wall ring systems. By converting the apparent wave velocities in Figure 3-18 into 
non-dimensional values by dividing them by , one can evaluate the effect of 
material difference on stress wave propagation in ring arrays. Figure 3-19 presents a 
comparison in the form of non-dimensionalised wave velocities. Obviously, for thin-
wall (t=1mm) ring arrays, the non-dimensional velocities for different ring materials 
are almost identical, regardless of whether the ring arrays are constrained at their sides 
or not. Nevertheless, for thick-walled (t=3mm) ring arrangements, the non-
dimensional velocities are not similar, especially for transverse and vertical closed 
packed arrangements. Therefore, it appears that the material properties of the ring 
affect wave propagation in arrays with thicker-walled rings. Further investigation into 









































































C  0.88 0.85 1.0 0.92 1.04 0.99 0.91 1.22 1.37 
Figure 3-19 Comparison of non-dimensional stress wave velocities  
































































C  3.08 2.86 2.27 2.83 2.17 1.62 
 Figure 3-20 Comparison of wave velocities for different ring wall thicknesses 
From the results of impact tests on ring arrays, it is found that the stress wave 
velocities are affected by the ring wall thickness. Figure 3-20 shows a comparison of 
stress wave velocities in arrays with rings of different thicknesses. Each pair of 
columns in the diagram shows two wave velocities, one for thin-walled (1mm) ring 
arrays and the other for thicker-walled (3mm) ring arrays. It is evident that stress 
waves transmit much faster in thicker-walled ring arrays. When the ring wall 
thickness is changed from 1 mm to 3mm, the stress wave velocity speeds up by at 
least two times, except for the brass ring array with a vertical close packing.  
This characteristic differs from that found in tests on single rings, where the 
extensional waves travel at constant speed even though the ring wall thickness varies. 
This indicates that the velocities associated with stress transmission in ring arrays may 









4. Effect of packing arrangements on wave propagation 
In the tests, there are three ways to pack rings in an array ─ square packing, 
transverse close packing and vertical close packing. The effect of packing 
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Al alloy 38.1*3  Brass 
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 1:1.7:2.5 1:1.6:1.8 1:1.6:2.1 1:1.2:1.2 1:1:1.7   1:1.4:1.6 1:1.3:1.2 1:1.3:1.4 1:1:0.8 1:1.2:1.1
Figure 3-21 Comparison of wave velocities 
for different packing arrangements 
Figure 3-22 Comparison of actual wave velocities 




Figure 3-21 compares the wave velocities corresponding to the three packing 
arrangements. Each of the five groups of columns depicts the velocities for the three 
packing arrangements. A comparison of the heights of the columns in each group 
shows that stress waves travel slowest in a square packed arrangement. A vertical 
closed packed arrangement allows the stresses to transmit fastest, except for the case 
of 38.1x3 brass.  
Note that the shortest route for stress wave transmission through a ring array 
differs for the three packing arrangements. The issue to address is whether stress 




whether the resultant apparent velocities through the ring arrays are different only 
because of the difference in distance travelled. Figure 3-22 shows the values of wave 
velocities based on distance travelled along the ring walls. A comparison of the three 
values in each group shows that a difference in velocity for the three arrangements 
still exists, although the three values are now closer to one another than those for 
apparent velocities shown in Figure 3-21. This indicates that the wave speed might be 
affected by factors that are dependent on packing arrangement. Further analysis on 
this will be presented after a theoretical model is established in the next chapter. 
5. Effect of boundary conditions on wave propagation 
As shown in Figure 3-23, two types of 
boundary conditions were imposed on 
ring arrays in impact tests ─ i.e. free and 
constrained sides. The wave velocities for 
these two conditions are compared to 
identify how different boundary 
conditions affect wave propagation. 
(a)                            (b) 
Fig. 3-23 Ring arrays in  (a)side free  
and (b)side-constrained boundary conditions 
Figure 3-24 shows a comparison of the stress wave velocities in ring arrays with 
different boundary conditions. Each pair of columns in the diagram depicts the 
velocities corresponding to the two boundary conditions. The effect of boundary 
conditions on wave speeds depends on the packing arrangements. In a square packed 
arrangement, stress waves transmit a little faster in side-constrained arrays than in 
unconstrained ones.  For a transverse close packed arrangement, the wave velocity for 





close packed arrangement, it 
appears that stress waves travelled 
slightly slower in constrained ring 
arrays than in unconstrained ones. 
From the results obtained, it is 
difficult to draw a conclusion for 
the effects of boundary conditions 
on stress wave propagation. 
Friction between the frames and 



























































C   
│  0.59    │  0.47    │   1.26    │    0.66   │   0.55    │    1.27
Figure 3-24 Comparison of wave velocities 
for different boundary conditions 
6. Summary of experimental observations for impact tests on ring arrays 
From the wave speeds determined in impact tests on various ring arrays, it is 
found that stress wave propagation in a ring system is affected by several factors, such 
as the material properties of the ring, the ring wall thickness, the ring packing 
arrangement and boundary conditions.  
In general, the impact force intensity does not affect the wave speed and only 
contributes to the energy carried by the waves. Material properties have a greater 
effect on wave velocity and stress wave transmission is much faster in an array 
comprising thicker walled rings than thin walled ones. A difference in packing 
arrangement result in different wave propagation speeds and the shortest route of 
travel may not be the only factor. The influence of boundary conditions on wave 





Further examination of these phenomena will be presented when a theoretical 
model is established in the next chapter. 
 
3.5 Determination and Analysis of Apparent Young’s Modulus  
In order to apply the well-known expression ρ
E  to ascertain if it is suitable for 
predicting the stress wave velocity in a ring array, the equivalent Young’s modulus 
*E  and apparent density  of a ring array must be determined.  can be calculated 
easily by weighing a ring array and measuring the space it occupies. 
*ρ *ρ
*E  of a ring 
array needs to be determined experimentally. To do this, all the ring arrays subjected 
to impact tests were also subjected to quasi-static compression using an Instron 
Universal Testing Machine. The detailed procedure, test results and a brief analysis 
are presented in the following sections. 
 3.5.1 Test Procedure 
As shown in Figure 3-25, ring arrays 
were tightly clipped together and subjected 
to quasi-static compression at a rate of 2 
mm/min. All clamps were examined 
carefully during compression to guarantee 
none of them open up. Before the onset of 
plastic deformation, the compression 
 
 





process is stopped and the ring array unloaded. The data recorded, in terms of force 
and displacement values, were processed to determine the apparent overall elastic 
modulus. This test was repeated three times to obtain an average value of the 
properties. 
3.5.2 Results of Compression Tests  
Stress-strain curves resulting 
from the compression of different 
ring array arrangements were 
plotted. Figure 3-26 shows a 
typical curve; assuming Hooke’s 
law for the overall structural 
response, the slope of the initial 
linear phase defines the apparent 
elastic modulus of the ring array. All stress-strain curves obtained from compression 
tests on ring arrays and resulting apparent moduli are presented in Appendix M. 















Fig. 3-26 A stress-strain curve obtained from 
a compression test on a ring array 
Table 4-8 lists the apparent moduli *E  determined from compression tests on 
diff
arrays and wave velocities  computed from 




ρ . The experimental wave 



















*ρ   
(kg/m3)
*C (m/s) 







Square 7.38 194.8 194.6 344 1.768
Transverse 8.46 224.9 193.8 589 3.039N 
Vertical 7.48 224.9 182.4 844 4.627
Square 47.93 194.8 496 584 1.177
Transverse 126.50 224.9 749.9 1241 1.655
Al Alloy 38.1 1 
Y 
Vertical 101.80 224.9 672.7 669 0.994
Square 9.45 658.3 119.8 320 2.671
Transverse 10.95 760.1 120 518 4.317N 
Vertical 10.04 760.1 114.9 677 5.892
Square 55.27 658.3 289.8 487 1.680
Transverse 137.75 760.1 425.7 946 2.222
Brass 38.1 1 
Y 
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C E 1.177 1.655 0.994 1.680 2.222 1.
 
 
(a) Unconstrained sides                                  (b) Constrained sides 
Fig. 3-27 Comparison of theoretical ( ) and experimental ( ) apparent wave spee*C *EC
Figure 3-27 provides a visual comparison of and , whereby the wave sp
are represented by the column heights. Figure 3-27(a) and (b) show the wave sp
for ring arrays with different boundary conditions ─ unconstrained and constr
sides. For the case of a free boundary condition, it is evident that C  is much l



















alloy and brass rings exhibit the same trends ─ slowest for a square packed array, 
faster for a transverse close packed array and fastest in a vertical close packed system. 












ρ . For the case of 
constrained sides shown in Figure 3-27(b), the velocity pattern differs from that for 
free sides. Firstly, almost all the values ofC  and C  increase when the arrays are 
side-constrained, except for C  for a vertical close packed arrangement. Secondly, 
the differences between C  and  are relatively smaller. Thirdly, C  and  for 
the three packing arrangements possess the same characteristics that differ from the 
case of unconstrained sides ─ slowest in square packed arrays, faster in vertical close 
packed arrays and fastest in transverse close packed arrays.  
*C
Based on the visual comparison illustrated in Figure 3-27 and the above analysis, 
little correlation exists between the actual stress wave velocity C  determined from 
impact tests and that predicted theoretically based on  = *EC *
*
ρ
E . This indicates that 
the expression *ρ
*E  is not valid for estimating the velocity of stress waves in a 







3.6 Summary  
In this chapter, various experiments on single rings and ring arrays are described 
and the test data analyzed. Some features of stress wave propagation in ring systems 
are identified. 
Basic properties of each ring material, such as the density ρ  of the ring wall and 
its elastic modulus E  were determined experimentally and compared with 
corresponding values from material property references to verify their acceptability. 
Extensional wave velocities ( ) along the axial direction of tubes were also 
measured through impact tests and compared with values given by
0C
ρ
E . Results show 
that the values of ρ , E  and  determined from experiments are acceptable. These 




As the basic component of a ring array, single rings were subjected to 
compression and impact tests to determine the apparent elastic moduli and stress wave 
velocities in the transverse direction. It was found that the fastest waves detected 
correspond to extensional waves which travel at the speed C  along the solid wall of 
the rings. Experimental results shows that stress propagation in a single ring cannot be 
described by the expression *ρ
*E , where *E  and  are respectively the equivalent 






Stress wave velocities through various ring arrays were determined from impact 
tests. It was found that several factors affect stress wave propagation through the ring 
systems, these being the ring material properties, ring wall thickness, packing 
arrangement and boundary conditions. Although these factor also affect the values of 
the equivalent elastic modulus *E  , apparent density  and resulting theoretical wave 
velocity , test results shows little correlation when C  is compared with the actual 





These experiments provide an insight into elastic stress wave propagation in ring 
systems. In the next chapter, a theoretical model is formulated and its predictions are 








 THEORETICAL ANALYSIS FOR STRESS WAVE 
PROPAGATION IN A CIRCULAR RING 
 
As an idealization of an actual cellular material, ring arrays in three packing 
arrangements are used to study stress wave propagation in cellular structures. 
Appropriate experiments were conducted and have been described in the preceding 
chapter. In these idealized systems, a circular ring is taken to represent a unit cell in a 
cellular material. Propagation of stress through the system can be studied by 
analyzing stress wave transmission in a single ring. A theoretical analysis of elastic 
stress propagation in a single ring is now presented; this provides a foundation for 
subsequent studies on stress wave propagation in cellular structures. 
4.1 Theoretical Analysis of Wave Propagation in a Circular Ring 
To investigate the propagation of elastic waves in a circular ring with a 
rectangular cross-section, a theoretical analysis is formulated via an extension of the 
well-known Timoshenko approximation for extensional, shear and flexural motion in 
a straight beam. The basic assumption is that plane cross-sections remain plane after 
deformation. The total transverse displacement of the beam axis is obtained by 





From first principles, it can be shown that the forces and moments acting on a 
cross-section are related to the displacements and rotations by the following set of six 
equations. Appendix D shows their derivation.  
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P, Q, M Axial tension, shear and bending mom
β     Flexural rigidity of the ring { EI } * 
pσ   Extensional rigidity { } * EA
qσ   Shear rigidity ** 
k  Radius of gyration of the cross section
R  Radius of the ring 
m  Mass per unit length  
t  Time 
s  Co-ordinate measured along the circum
u  v  Displacements of the centroid of a ring
*  E  is the Young’s modulus of the ring material; I  is the s
cross-section about the axis of bending; A  is the cross-secti
**  shear rigidity qσ  is derived by integrating the shear strain
shear stress distribution generated by a shear force, over 
shows the derivation of qσ  for a beam with a rectangu
Gbhq 6
5=σ , where G  is the shear modulus, b  and  ar







4-1 Definition of cross-sectional 












 ent, respectively 
 
ferential axis 
 cross section 
econd moment of area of the 
onal area 
 energy, due to the parabolic 
the cross-section. Appendix E 
lar cross-section, resulting in 





Let the circumferential and radial displacements, and the rotation of the cross-
section be 
)( tsiAeu ωη −=                        )( tsiBev ωη −= )( tsiCe ωη −=Θ
    where     
A, B, C Amplitudes ω   Circular frequency of wave η  Wave number 
The following relationships are inherently assumed:  
      Vηω =  fπω 2=  fT
1=   η
πλ 2=   
 where 
    f  Frequency 
    λ      Wavelength 
    V      Phase velocity 
    T      Period of cycle 
Elimination of M, P and Q by substitution of equations (4.1), (4.2) and (4.3) into 
the left-hand sides of equations (4.4), (4.5) and (4.6), yields the following set of three 























































Note that the coefficient matrix in equation (4.7) is symmetrical. 
In order that equation (4.7) should have non-zero solutions, it is necessary for the 

















































This results in the following characteristic equation: 
( ) ( ) ( ) ( ) ( )[ ]























    
 
(4.9)
where   
k
R=γ   λ
πδ R2=            22Vmδ=Ω
Equation (4.9) is a cubic equation in terms of Ω , which contains the wave 
velocity variable.  Extraction of explicit expressions for the roots is not practical. Two 
approaches are undertaken to solve this equation and analyze the relationships 
between wave velocity and other parameters in the equation. One is to obtain 
approximate solutions by adopting certain assumptions to simplify Eqn (4.9); the 
other is to employ numerical methods.  
4.2 Approximate Solutions for Phase Velocity 
Note that the derivation of the characteristic equation (4.9) is based on the 
assumption that plane cross-sections of the circular ring remain plane after 
deformation. In addition, lateral expansions and contractions caused by the Poisson’s 
ratio effect for a propagating longitudinal wave are also ignored in this theoretical 





wavelength, the kinetic energy of lateral expansion and contraction is small compared 
with that associated with longitudinal motion. This means that the solution of 
equation (4.9) is sufficiently accurate if h>>λ , where h is the wall-thickness of the 
circular ring. For thin walled rings in this study, R , resulting in h>> 1>>γ . This is 
generally true for low-density cellular structures, whereby the cell size is much larger 
than the wall thickness.  
 Actual cellular materials generally possess a relatively small cell size, usually of 
the order of a millimeter or a centimeter at most. It is more practical to analyze the 
stress wave characteristics when the wavelength is greater than the cell size. Consider 
the situation whereby the wavelength λ  is larger than the ring circumference 
( Rπλ 2> ); consequently, 1λ
2 <= πδ R  and δγ >> >> because 1γ . Therefore, equation 
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Appendix F shows the detailed derivation of this approximate solution 
Apart from the parameters related to material properties, such as β , pσ , qσ  and 
, each equation in (4.10) is also a function of wavelength, illustrating that stress 






With regard to shear wave 
propagation, the expression for V  
shows that its velocity is proportional 
to wavelength. Moreover, the radius of 
gyration of the cross section, k, is 
another factor that influences the shear 
wave velocity; k is inversely 
proportional to the shear wave 
velocity. This means that the thicker 
the ring cross section, the slower the 
shear wave. Figure 4-2 illustrates 
schematically the relationship between 







Figure 4-3 shows the relationship 
bet
Fig. 4-2 Relationship between the 






ween flexural wave velocity and 
wavelength. Notice that the velocity 
vanishes when the wavelength 
approaches the ring circumference of 
Rπ2 , while it tends to 
mR
β1  as the 
wavelength approache
Fig. 4-3 Relationship between the 
 phase velocity of a flexural wave and wavelength
Fig. 4-4 Relationship between the 






s infinity.  
Figure 4-4 shows the relationship 
between extensional wave velocity and 





becomes almost directly proportional to wavelength as the wavelength increases. The 
expression for extensional wave velocity in Eqn (4.10) also indicates that a larger ring 
radius decreases the speed at which extensional waves transmit through it. 
4.3 Group Velocity 
4.3.1 Definition of Group Velocity 
In the impact tests described in the preceding chapter, the profile of a stress wave 
changes considerably when it passes through a ring column. This difference is 
obvious from Figure 3-14(b), when the wave fronts of the signals from the 
accelerometer attached to colliding mass and the force transducer at the bottom of 
ring array are compared. This indicates that stress wave propagation in a ring system 
is dispersive. Therefore, what was determined from impact tests is actually the group 
velocity at which energy is transported by the waves [24].  The expression for the 




dVg =                                                        (4.11) 
where ω  is the circular frequency and λπη 2=  is the wave number. 







VdVg +==                                (4.12) 
This can also be expressed in terms of wavelength, resulting in 
λλ d






4.3.2 Deriving Group Velocities of Stress Waves 
When the wavelength is larger than the circumference of a ring, the wave 
velocities are wavelength dependant, as shown by equations (4.10). Substitution of the 
three individual equations in (4.10) into (4.13) yields the corresponding group 
velocities: 
01 =gV  
( ) ( )[ ]






































What is notable from equations (4.14) is that the group velocity of shear waves is 
zero when Rπλ 2>
2g
       
. Although a simplification has been assumed in the derivation of 
this velocity expression, it still shows that cellular structures are likely to significantly 
block the propagation of shear 




Figure 4-5 shows a schematic 
diagram of the relationship between 
the group velocity V  of flexural 
waves and wavelength λ  . When R
1−
∞→λ , the  group velocity tends to 











Fig 4-5. Relationship between the group 





β1 , which is also the limiting phase velocity, as shown in Figure 4-3. Moreover, the 






Negative values of V  shown as dashed line in Figure 4-3 correspond to flexural 
waves traveling in the negative or opposite direction.  
 
Figure 4-6 shows the relationship 
between the group velocity of 
extensional waves V  and 
wavelength λ . When the wavelength 
assumes the value of Rπ2 , the group 
velocity equals mpσ2
1± , i.e. 
2
1  
times the speed of an extensional 
wave transmitting in a thin circular 
bar. The negative sign of the velocity 
denotes stress waves propagating along the ring in the opposite direction. As λ  
increases, the group velocity tends to zero. 












Fig. 4-6 Relationship between the group velocity 
of an extensional wave and wavelength 
The approximate solutions presented above are limited by several assumptions 
and yield an incomplete spectrum for the relationships between wave velocity and 
wavelength; i.e. Rπλ 2> . The following numerical solutions of the governing 






4.4 Numerical Solutions for Wave Velocities 
Bearing in mind that the quantities measured in experiments are frequency and 
group velocity, it is more meaningful to show the relationship between these two 
parameters, rather than to focus on phase velocity and wavelength in equations (4.10) 
and (4.14). These relationships are not amenable to explicit solutions and results must 
be obtained numerically (using Newton’s Method) and displayed graphically 
(Appendix G describes briefly Newton’s Method). 
b 
D 
 To compute the numerical solutions, values of all the 
parameters in the governing equations must be defined. 
Consequently, actual quantitative data is required. Five 
types of metal rings were used in the experiments and 
Table 4-1 shows their physical properties, while the ring 
geometry is depicted in Fig 4-7. 
h
Fig 4-7. Geometry of a ring  
Table 4-1 Physical properties and dimensions of rings 
Al alloy rings Brass rings Symbol Parameter Unit 38.1x1 38.1x3 38.1x1 38.1x3 25.4x1 Expresionρ  Density Kg/m3 2693 8199  
E  Young’s Modulus GPa 65.9 120.4  
υ  Poisson’s Ratio  0.34 0.34  
G  Shear Modulus GPa 24.6 44.9 ( )[ ]υ+= 12E
D Outer diameter mm 38.1 38.1 25.4  
h Wall thickness mm 1 3 1 3 1  
b Ring width mm 10  
I Second moment  of gyration m
4 8.33x10-13 2.25x10-11 8.33x10-13 2.25x10-11 8.33x10-13 3
12
1 bh=
β  Flexural Rigidity N 0.0549 1.48 0.10 2.71 0.10 IE ⋅=  
pσ  Extensional Rigidity N 6.59x105 1.98x106 1.20x106 3.61x106 1.20x106 AE ⋅=
qσ  Shear Rigidity N 2.05x105 6.14x105 3.74x105 1.12 x106 3.74x105 Gbh
6
5=
k Radius of gyration m 2.89x10-4 8.66x10-4 2.89x10-4 8.66x10-4 2.89x10-4 )(btI=






By substituting the parameter values for each type of ring into the characteristic 
equation ─ Eqn (4.9) ─ and solving for phase velocities using Newton’s method, the 
velocities can be obtained as functions of wavelength. The corresponding group 
velocities are derived using equation (4-13). Figures 4-8 to 4-10 show how the group 
velocity varies with wavelength for shear, flexural and extensional waves. Both 
dimensional and non-dimensionalized plots are shown. The non-dimensional 
wavelength λ  is defined by Rπλ 2 , where λ  and R  are respectively the wavelength 
and outer radius of a ring. C , the non-dimensionalized velocity, is defined by 0CC , 
where ρC =0 E  is the extensional wave velocity in a thin straight rod. From the 
fundamental relationship λVf = , the group velocity plots can be transformed into the 
frequency domain, as shown in Figures 4-11 to 4-13. Non-dimensional frequency f  
is defined by 
0f
f , where 
R
f π20 =
C0 .  
Limitations in the current theory adopted come from the assumptions that plane 
cross-sections in the rings remain plane after deformation. In addition, as the 
wavelength becomes comparable or shorter than the thickness of the cross-section, 
lateral inertia due to Poisson’s effect becomes significant and affects stress wave 
propagation. Therefore, the current theory does not apply to short wavelengths. (In 
Figs 4-8 to 4-13, the portions of the curves shown in thin lines are beyond the scope 









(a) Dimensionalized quantities 
(b) Non-Dimensionalized quantities 
 
 Fig 4-8. Variation of shear wave group velocity with wavelength 
 for transmission in a single ring 





(a) Dimensionalized quantities 
(b) Non-Dimensionalized quantities 
 
 Fig 4-9. Variation of flexural wave group velocity with wavelength 
 for transmission in a single ring 






(a) Dimensionalized quantities 
(b) Non-Dimensionalized quantities 
Fig 4-10. Variation of extensional wave group velocity with wavelength  
 for transmission in a single ring 






(a) Dimensionalized quantities 
 (b) Non-Dimensionalized quantities 
Fig 4-11. Variation of shear wave group velocity with frequency  
 for transmission in a single ring 






(a) Dimensionalized quantities 
(b) Non-Dimensionalized quantities 
Fig 4-12. Variation of flexural wave group velocity with frequency  
 for transmission in a single ring 








(a) Dimensionalized quantities 
(b) Non-Dimensionalized quantities 
 Fig 4-13. Variation of extensional wave group velocity with frequency  
 for transmission in a single ring 





With reference to the stress wave velocities for various types of rings, as shown in 
Figure 4-10 to 4-13, some features of wave propagation for extensional, shear and 
flexural waves can be identified.  
With respect to non-dimensionalized quantities, the group velocity relationships 
for extensional waves for the five types of rings lie on top of one another, as shown in 
Figures 4-10(b) and 4-13(b). Because C0 (which represents material properties) and 
Rπ2  are the reference parameters with regard to non-dimensionalization, this indicates 
that material properties and the ring circumference (or radius) are the only parameters 
that affect the propagation of extensional waves, while the wall thickness does not. 
This is also observed in the corresponding diagrams for dimensional quantities 
(Figures 4-10(a) and 4-13(a)), where the curves for 38.1x1 and 38.1x3 Al alloy rings 
lie on top of one another; this is also the case for brass rings. This is similar to 
longitudinal wave propagation in a thin circular bar, whereby propagation speed is 
independent of the lateral dimensions of a bar. The group velocities for Al alloy rings 
are always larger than those for brass ones; this is a result of the difference in material 
properties (the bar velocity in Al alloy is higher than that in brass). Furthermore, a 
comparison of the curves for 38.1x1 and 25.4x1 brass rings shows that extensional 
waves travel faster in a larger ring. This indicates that curvature in a structure slows 
the propagation of extensional wave. If the curvature of a ring tends to zero (the case 
of a straight beam), the group velocity of extensional waves in the ring tends to the 





For shear waves, the wall thickness affects its propagation; this differs from 
extensional waves, as discussed earlier. As shown in the plots for group velocity in 
Figures 4-8 and 4-11, shear waves travel faster in rings with thicker walls. However, 
the ring radius does not affect the shear wave velocity, as shown in Figures 4-8(a) and 
4-11(a), where the velocity distributions for 38.1mm-diameter and 25.4mm-diameter 
rings lie on top of one another. With respect to the difference in material properties, 
shear waves travel faster in Al alloy rings than in brass ones, which is similar to the 
behaviour of extensional waves.  
Figures 4-9 and 4-12 show that flexural wave propagation is affected by several 
factors ─ material properties, ring size (radius/diameter) and wall thickness. Flexural 
wave group velocities are proportional to C0 (i.e. dependent on material properties), 
which is what has been found for shear and extensional waves. As shown in Figure 4-
12(a) and (b), a comparison of the velocity relationships for 38.1x1 and 25.4x1 brass 
rings reveals that they are close to each other, but rings with a smaller diameter 
transmit flexural waves more quickly. The effect of wall thickness on flexural wave 
propagation is evident in the diagrams showing non-dimensionalized quantities, i.e. 
Figures 4-9(b) and 4-12(b). Flexural waves generally travel faster in rings with a 








In this chapter, a characteristic equation (Eqn 4.9) for phase velocities was derived 
from first principles to describe wave propagation in a circular ring with a rectangular 
cross section. A basic assumption is that plane cross-sections in the ring remain plane 
after deformation. This assumption requires a large radius to wall thickness ratio for it 
to be valid.  
There are three modes of wave propagation captured by the characteristic equation 
─ extensional, flexural and shear waves. To identity the relationship between wave 
velocity and wavelength, approximate explicit solutions and numerically evaluated 
results were derived. Although the approximate solutions can be expressed in closed 
form (Eqns 4.10 and 4.14), these relationships are based on additional assumptions 
which limit their range of validity, making comparison with experimental results 
difficult. Newton’s Method was subsequently also applied to solve the characteristic 
equation (Eqn 4.9) numerically and the results are presented graphically. As 
wavelength components in signals obtained from experiments are difficult to 
determine, the wave velocity distributions were computed as functions of frequency. 
Discrete Fourier Transformation was applied to the acceleration and force signals 
captured in experiments to determine the frequency spectrum. Consequently, group 
velocities corresponding to several frequency components were determined and 
compared with theoretical results. 
The theoretical model adopted captures the features corresponding to stress wave 
propagation in a ring. A comparison with experimental results will now be undertaken, 








 COMPARISON BETWEEN THEORETICAL AND 
EXPERIMENTAL RESULTS 
 
The theoretical results in Figures 4-8 to 4-13 in the preceding chapter show how 
the three wave velocities vary with wavelength/frequency. For comparison with 
experimental results, the wave velocities corresponding to different frequency 
components in actual signals are determined. This requires specific filtering of 
experimental data and determination of the propagation speed of selected frequency 
components.  
5.1 Isolation of Frequency Components 
Transmitted signals obtained from impact tests are processed using Discrete 
Fourier Transformation (DFT) to determine dominant frequency components. Figure 
5-1(a) shows a typical result of DFT and (b) is an enlarged view of the range from 
1,000 to 100,000 Hz. Several frequency peaks can be identified from the two plots, i.e. 
500, 4,000, 8,500 and 15,500 Hz. By filtering out unwanted frequency components 
and then applying inverse Fourier transformation, signals of specified frequencies can 
be isolated in the time domain. Appendix I describes the process for determining the 
starting points of waves corresponding to different frequency components and how to 







The theoretical results define the velocities at which stress waves travel along the 
solid wall of a ring; hence, the length of the shortest route along solid ring walls in a 
ring array is then taken as the distance travelled by the stress wave. By considering 
the time taken by a selected frequency component to travel from the top to the bottom 
of a ring array, the velocity for that frequency component can be computed. Table 5-1 




































Fig. 5-1  DFT result for a typical output signal 






As shown previously in Figures 4-11 to 4-13, the theoretical results for shear and 
extensional wave velocities are restricted to the upper portion of the frequency 
spectrum. Only the results for flexural wave propagation cover the entire frequency 
domain. All the frequency components that can be identified after filtering the 
transmitted signals are lower than the cut-off frequencies below which shear and 
extensional waves theoretically do not propagate. As a result, only the theoretical 
results for flexural wave velocities can be compared with experimental results.  
 
 Table 5-1 Experimental flexural wave speeds for identified frequency components  
Ring Material   
& Size( hD× ) Arrangement
Frequency 
(Hz) 
Actual velocity along 
transmit path (m/s) 
200 230.7 Square 12600 544.7 




Vertical 4600 569.6 
500 630.2 
8500 1190.2 Square 
15500 1356.6 




Vertical 5000 974.0 
200 240.4 Square 4200 485.6 




Vertical 3800 544.2 
200 228.4 Square 7000 513.2 




Vertical 4400 563.4 
500 808.6 
6500 1410.9 Square 
9500 1757.6 











5.2 Comparison between Theoretical and Experimental Results 
The five plots in Figure 5-2 show graphically the results listed in Table 5-1 and 
each of them corresponds to one of the five types of rings tested. The experimental 
wave velocities for selected frequency components are shown as points and the 









































(b) 38.1x3 Brass rings 
Fig. 5-2 Comparison between theoretical velocity distribution  
and experimental results 
* Square ■, triangular ▲ and circular ● points denote respectively experimental 










































































The graphs in Figure 5-2 show that the experimental flexural wave velocity data 
generally follow the theoretical curves. For all five types of rings, higher frequency 
components travel faster, confirming that the theoretical model adopted is acceptable.  
However, with regard to thicker rings (3mm), as shown in Figs 5-2(b) and (d), the 
correlation is not as good as that for thin rings (1mm). It appears that stress waves 
travel faster in thicker rings than what is theoretically predicted, especially for low 
frequency components. It is suspected that the wave transmission mode changes for 
arrays of thicker rings; i.e. the theoretical model is not sufficiently adequate for 
38.1x3 rings because of the noticeable error caused by the assumption that cross 
sections of thicker wall rings remain plane after deformation. This reveals another 
limitation with regard to applicability of the theoretical model; i.e. predictions are 
better for thin-walled ring arrays. For thicker-walled ring arrays, the theory 
underestimates the velocities.  
The theoretical model presented in the current study is based on a single ring and 
independent of ring array arrangement, i.e. square, transverse close packed or vertical 
close packed ─ the theoretical wave speeds through the solid wall are the same.  
An analysis of the experimental results presented earlier shows that the fastest 
apparent wave speed detected differs with ring packing arrangement. There are two 
factors that might cause this difference. One is the length of the shortest route along 
the ring walls from the top to the bottom of the array. For a common ring array height 
but different ring packing arrangement, the shortest path travelled by a stress wave 
along ring walls is longest for square packing; a transverse close-packed arrangement 





length. Therefore, the apparent wave speed will appear different, since the actual 
distances travelled are not identical for the three packing arrangements. The other 
factor that results in differences in the apparent wave speed is that the detectable 
frequency components of the stress waves transmitting through the three 
arrangements are not the same. As shown in Table 5-1, a transverse close-packed 
array can only transmit low frequency components (<200 Hz for thin wall rings, <500 
Hz for thick wall rings), while higher frequency components can be detected with the 
other two packing arrangements. Theoretical analysis has shown that stress waves 
with higher frequencies generally travel faster. Therefore, the identifiable apparent 
wave speeds are determined by the frequency components that pass through the ring 
arrays. Furthermore, these two factors of path length and frequency might not be 
independent of each other. Even if a specific type of ring is used, different packing 
arrangements allow different frequency components to pass through. For example, 
three major frequency components can be detected for square packed arrays of 38.1x3 
aluminium alloy rings, while only two for a vertical close-packed array and only low 
frequency components pass through transverse close-packed arrays.  
Nevertheless, although some high frequency components are detected in the 
transmitted signals, only a small fraction of energy is carried by them. This shows that 
ring arrays exhibit low-pass filter characteristics.  
 
The five graphs in Figure 5-2 can be combined in to a single diagram, as shown in 
Figure 5-3, from which the group velocity relationships for different ring systems can 
be compared. This shows that the theoretical group velocities follow a general 
descending sequence in the order of 38.1x3 aluminium, 38.1x3 brass, 38.1x1 





trend. This shows that stress waves travel faster in aluminium ring arrays than in brass 
ones, because of differences in material properties. In addition, the ring wall thickness 
in an array affects the wave velocity. Stress wave transmission via thick walled rings 
is much faster than in thin walled rings. This is because wall thickness is an important 


























38.1x1 Al Alloy ring
38.1x3 Al Alloy ring
25.4x1 Brass ring
 
Figure 5-3 Comparison between theoretical velocity distributions 












This chapter described the isolation of detectable frequency components in 
transmitted signals from experiments and determination of their corresponding 
velocities, enabling a comparison between experimental and theoretical results. 
Comparisons between theoretical group velocities and experimental results in 
Figures 5-2 and 5-3 show that the group velocities detected in experiments exhibit 
good general correlation with theoretical predictions for flexural waves. There is 
correlation with the effects of material property, ring wall thickness and wave 
frequency on wave propagation speed. Two limitations of the current theoretical 
model were identified. Firstly, lateral inertia caused by Poisson’s effect limits 
application of the proposed theoretical model to the long wavelength/low frequency 
spectrum. Secondly, the theory underestimates group velocities in thicker wall rings. 
The present study has focused on cellular systems with a low relative density (thin 
cell walls) and identified their low pass filter characteristics. Consequently, the 







CHAPTER  SIX 
 CONCLUSIONS  AND  RECOMMENDATIONS 
 
6.1  Conclusions 
In this study, various experiments and a theoretical analysis were undertaken to 
ascertain the basic features of elastic wave propagation in cellular systems, i.e. metal 
ring arrays in the present context. 
Quasi-static tensile tests and impact tests were conducted on the ring materials – 
Brass and Al alloy – to determine their Young’s modulus and corresponding bar 
velocities. Experimental results support the well-accepted expression ρEC =0 , and 
this provided reliable fundamental material property data for the associated 
experiments and analysis.  
The ring arrays constituted idealized representation of cellular material and their 
basic units – single rings – were subjected to transverse impact tests to determine the 
apparent stress wave velocities in the lateral direction. The fastest waves detected in 
the various single rings were found to be extensional waves travelling at the bar 
velocity 0C  along the solid wall of a ring. As with extensional wave propagation in 
straight thin bars, experimental observations indicate that material properties affect 




wall thickness and ring diameter have little effect. However, the amplitudes of 
extensional waves reduce rapidly as they propagate through a ring array, indicating 
that the packing together of rings (cells) can efficiently block their transmission. The 
dominant forms of stress transmission in such ring systems therefore correspond to 
other deformation modes – e.g. flexure. 
Stress wave propagation velocities through various ring arrays were determined 
from impact tests. The results show that the factors affecting stress wave propagation 
include ring material properties, ring wall thickness, packing arrangement and 
boundary conditions. Material properties affect stress wave propagation in rings, 
especially thin walled rings, in a way similar to that for longitudinal waves travelling 
in a thin bar, i.e. a material with a lower density and higher Young’s modulus 
transmits elastic stress waves more quickly. Ring wall thickness has a significant 
influence on wave propagation speed because thicker walled rings possess a larger 
flexural rigidity and this increases the speed of flexural wave propagation. Different 
packing arrangements affect the path length travelled by a wave, resulting in different 
apparent velocities. Rings of different diameters were also examined to verify the 
effect of size on wave speed; results showed little dependence on this. In addition, it 
was established that the impact force intensity does not affect the frequency 
components of the stress waves transmitted and their corresponding velocities; only 
the energy carried by the waves are altered.  
The apparent Young’s moduli E* and overall densities *ρ  of the ring arrays were 
determined experimentally to facilitate evaluation of the expression *** ρEC = , 
which is traditionally used to determine longitudinal wave propagation in non-porous 
elastic continua. Some researchers have also attempted to apply this to estimate wave 




wave velocities detected in experiments shows no correspondence, indicating that 
traditional elastic continuum analysis for homogeneous materials cannot be expanded 
to encompass cellular structures. The propagation of elastic stress waves in cellular 
systems involves a structural response, which is not captured by the elementary theory 
for homogenous solids.  
A theoretical model developed for wave propagation in a circular ring highlights 
an important factor governing wave speed, namely frequency. The variation of group 
velocity of the three wave propagation modes – shear, flexure and extension – with 
frequency or wavelength, point to flexural waves as the dominant mode in 
transmitting elastic energy along solid paths in ring arrays. Good general correlation 
between experimental results and theoretical predictions for flexural waves confirms 
this. The proposed theoretical model is able to predict the dependence of wave 
velocity on frequency and the relationships with ring material, wall thickness and 
diameter. The predicted flexural group velocity distributions with respect to frequency, 
for two rings of different diameters are very similar; this correlated with experimental 
findings. Theoretically, the packing arrangement and boundary conditions of a ring 
array would not affect the flexural wave velocity distribution with respect to 
frequency. However, these factors might give rise to different frequency components 
in the flexural waves transmitted, resulting in differences in the apparent velocities 
detected. 
As a consequence of the basic assumptions adopted – i.e. plane cross-sections 
remaining plane after deformation and neglect of lateral inertia associated with 
Poisson’s effect – the current theoretical model for elastic wave transmission in 
cellular systems is not suitable for wavelengths comparable with or shorter than the 




Nevertheless, the theory provides useful insights into elastic wave propagation in 
cellular systems and has the potential to provide good estimates of elastic wave 
propagation velocities in cellular systems with a low relative density.  
 
 
6.2  Recommendations 
The present study shows that the packing arrangement of a ring array is a factor 
that changes the frequency components contained in the waves transmitted. Further 
investigation into the propagation of various frequency components may reveal how 
packing arrangement affect the frequency components of elastic waves transmitting in 
ring arrays. 
 To ascertain whether the proposed model provides a good description of elastic 
wave propagation in actual cellular materials with complex cell structures, similar 
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Fig. AF-1 Five types of metal rings used in experiments 
(1) Brass 25.4x1mm (2) Brass 38.1x1mm (3) Brass 38.1x3mm  





Fig. AF-2 Instron machine (Dynamic Testing Machine 8501)
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Fig. AF-3 Samples after testing for determination of Young’s modulus  





Fig. AF-4 Metal tubes of different lengths 
 for determination of extensional wave speed in axial direction 
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Three dimensions: open cells  
(aspect ratio lhAr = )  
Triangular prisms 























































Three dimensions: closed cells 
 (aspect ratio lhAr = )  
Triangular prisms 
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Appendix C   FORTRAN Program for Determination of Wave Commencement Point 
In impact tests for determining stress wave speeds, a digital signal oscilloscope 
(DSO) recorded a series of discrete values that represent the variation in wave 
amplitude with time. Figure C-1 shows an example, where the dark blue curve is the 
input (acceleration) signal and the pink curve is the output force at the bottom of the 
test ring or array. To calculate the 
stress wave speed, it is necessary to 
determine the time of travel, which 
is the time interval between the 
commencements of the two signals. 
To minimize subjectivity in the 
determination of these points, 
identification of wave 
commencement was done using a FORTRAN program [25]. The flow chart of the 





















Fig. C-1 A typical signal recorded by a DSO 
The amplitude of a signal before commencement of a wave is essentially constant. 
The variance in a small segment of data is defined as a parameter; this value is 
monitored for any change as the data segment advances along the signal trace. When 
the magnitude of the segment variance increases beyond a threshold (e.g. by 2.5 
times), commencement of the wave is deemed to be included in the data segment. By 
subsequently reducing the size of the data segment, the commencement of the stress 









Read data from 
a specified file 
Move data segment along the 




Select pre-wave commencement data 
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Output results 
 data range that contains 








 implicit none 
  
 ! In this module block, all variables that will be used in program are declared. 
 
 !declare global variables 
 real, dimension(10000,2) :: s    !array s will store the data output from oscilloscope 
 integer :: n                     !a changeable number, which will control  
     !the number of data analyzed at one time. 
 character(len=15) :: filename  !the name of the source data file 
 integer :: open_status   !to determine if the file is opened properly 
 integer :: read_stat   !to determine data reading status 
 integer :: write_stat   !to determine data writing status 
 integer :: i ,j    !integers for do loop 
 integer, parameter :: base_number=1000  !number of data for calculation of variance  
 real, dimension(2) :: var   !basic variances  
 integer, dimension(2) :: tpp  !to store the trigger point position 
 
end module global_variables 
 
 
real function variance(a,b,c) 
 use global_variables 
 implicit none 
 
 !declare dummy arguments 
 integer, intent(in) :: a, b, c  !integers a, b and c will select which elements in array  
!that will involve in the calculation of Variance. 'a' and 
     !'b' is the lower and upper bound; 'c'  is dimension, and in  
     !this program, it has only two possible values: 1 or 2. 
  
 !local variable declaration 
 real :: sum2,mean2  !sum2 is mean value of squire 
     !mean2 is squire of mean value 
 




 do i=a,b 
  sum2=sum2+s(i,c)**2 !calculate the sum of squire 
  mean2=mean2+s(i,c)  !calculate the sum 
 end do 
 mean2=mean2/(b-a+1)  !average 
 variance=sum2/(b-a+1)-mean2**2 !variance 
 





 !this subroutine will try to open a raw data file specified by user, 
 !then transfer the data in to array s 
 
 use global_variables 







  print *,"Please give the name of raw data file:" 
  read '(a)', filename 
  !open data file on unit number "3" 
  open (unit=3,file=filename,iostat=open_status,status="old",action="read") 
   
  !repeat request if file are not opened successfully 
  if (open_status==0) exit 
  print *, "Unable to open file - please try again" 
 end do 
  
  
 !pass all data in file to the array s 
  
 do i=1,10000 
  read (unit=3,iostat=read_stat,fmt='(2f12.8)') s(i,1),s(i,2) 
  !exit when reach file end 
  if (read_stat==-1) exit 
  
 end do 
 






!The purpose  of this program is to analysis the data output from oscilloscope,  
!and determine the time taken that for wave traveling from one sensor to another 
 
 use global_variables 
 implicit none 
  
 !declare external function 
 real , external :: variance 
  
 !call a subroutine to open the raw data file and transfer the data into array s 
  
 call data_transfer  
  
 !DSO signals always contain a constant/neutral  part at the front. 
 !calculate the variance of the first 1000 values as basic value and compare it with others 




 print *,"variance of noice in 1st signal is:",var(1) 
 print *,"variance of noice in 2nd signal is:",var(2)   
 
 !take 200 as a step, move calculation range forward through array s 
  
 !the signals in first dimension: input signal 
 do j=200,10000,200 
 
  !when reaching trigger point, call subroutine mean to narrow the range 
 
  if (variance(j+1,base_number+j,1)>var(1)) then 
   print *, j 





   exit 
  end if 
  
 end do 
  
 
 !the signals in second dimension: output signal 
 do j=200,10000,200   
 
  !when reaching trigger point, call subroutine mean to narrow the range 
 
  if (variance(j+1,base_number+j,2)>var(2)) then 
   print *, j 
   call mean(base_number+j,tpp(2),2) 
   exit 
  end if 
  
 end do 
 
 print *, " Wave commencement of input signal is point No " ,  tpp(1) 











 !this subroutine will reduce the range which contains the trigger point 
 !then return the position of trigger point. 
 
 use global_variables 
 implicit none 
 
 !declare external function 
 real , external :: variance  
 
 !declare dummy arguments, which define which part of elements will be 
 !involved in calculation. 
 integer, intent(in) :: end_point ! trigger point is within the 1000 points before end_point  
 integer, intent(in) :: c  !which set of signal will be determined, input or output 
 integer, intent(out) :: trigger_point !it will save the final point detected by the program 
 
 !local variable declaration 
 integer :: lower_bound, upper_bound !variables that will use to narrow the range. 
 




 !narrow the range that contains trigger point 
 do i=1,upper_bound-lower_bound-30 !final range will be narrowed to 30  points. 
 
  if (variance(lower_bound,upper_bound,c)<var(c)) then 
   lower_bound=lower_bound+1 
  else 





  end if   
 
 end do 
 
 !the trigger point is taken as the middle point of reduced range 
 trigger_point=(lower_bound+upper_bound)/2 
  




Figure C-3 shows two examples of determination of wave commencement, 
whereby the red and black triangular points defining the start points are identified by 
the program described. This demonstrates that the wave commencement identification 




































































































Fig. C-3 Two examples of wave commencement determination 





Appendix D Theoretical Analysis for Stress Wave Propagation in a Flat Ring 
For a circular ring with a rectangular 







v ,  define unit vectors in the 
circumferential, radial and axial directions. 
At an incremental distance ds  farther 
along the ring curvature, the frame of 




resulting in new unit vectors e '1




As shown in Figure D-2 these transformed 
unit vectors can be expressed as  
ψψ dedee sincos' 211 vvv +=  
ψψ dedee sincos' 122 vvv −=  































 and  be vectors representing 
force, bending moment, and resultant rotation at a cros
Θ
21 eveuU
vvv += ;   21 eQePN
vvv += ;   M 3eM
vv = ;   
r =Θ
where     u  v  Circumferential and axia
P, Q, M Axial tension, shear and








 Definitions of displacements, rotation 























respectively the displacement, 
s-section, so that 
3e
vΘ                   (D-3) 
l displacements of the centroid 






Let β  denote the flexural rigidity of the ring, pσ  the extensional rigidity and qσ  






























































Note that the radial displacement v  is generated by contributions from both the 
shear force Q  and the bending moment M , resulting the expression of sv ∂∂  given 
in (D-5). 


































































Where equations (D-1) and (D-2) are used. 
A comparison of the above expression with equation (D-4) and considering 



































The equations of motion for both circumferential and radial directions can be 





















∂              (D-7) 
















































































































   
where k is the radius of gyration of the cross-section 
(D-9) 
 
Combining the results of the proceeding analysis results in the following six 
equations relating the forces and moment to displacements and rotations of a circular 







































































Appendix E Shear Rigidity of a Beam with a Rectangular Cross-section 
Shear rigidity is a measure of material resistance against distortion by shear. This 
is defined as the shear force that causes a unit displacement in the direction of its 
action and has units of force. It can be determined by integrating over the cross-
section, the shear strain energy associated with the parabolic shear stress distribution 
corresponding to the shear force at that location.  
Let qσ  denote the shear rigidity. 
 
Fig. E-1 Computation of shear stress in a 
rectangular cross section 
As shown in Figure E-1, the shear stress 
distribution in a rectangular cross section 
( ) associated with the existing shear force 







⋅= ''τ   (E.1) 
where: 
xyF   shear force carried by the cross-section 
I   second moment of area of cross-section 
b  width of cross section  
'A   area of cross-sectional portion beyond a distance y to the neutral axis (NA)  
y ′  distance from the NA to the centroid of 'A  
 























































413 2ζτ −=    (E.2) 
 
The shear strain energy associated with a 
rectangular element , at a distance y to 
the neutral axis (NA) as shown in Figure E-2, is 









1   (E.3) 
Fig. E-2 Calculation of shear strain 





τγ =  is the shear strain (G is shear modulus of material). Equation E.3 can 






τ=    (E.4) 
Consequently, the total shear strain energy contained in the beam cross-section 
with an elemental depth dx is given by 
∫= dyGbdxU xy22 τ  
where dy can be expressed by ζhd
h


























































 Fig. E-3 Shear force acting on cross 







If dv is the resulting displacement of the beam element dx arising from the shear 
force Fxy, as shown in figure E.3, the definition of shear rigidity is 
dv
Fxy














1 =⋅=   (E.6) 








1 22 =σ  
Consequently, the shear rigidity of a beam with a rectangular cross-section is 








Appendix F Simplified Expressions for Phase Velocities of Elastic Stress Waves  
Derived from fist principles, equation (4.9) contains the velocities of three 
waves –  flexural, shear and extensional – that transmit along a circular ring. A 
solution of this equation facilitates analysis of the relationships between wave 
velocity and other parameter such as material rigidity, ring radius, cross sectional 
geometry, etc. However, it is not practical to extract explicit expressions for the roots 
of this complicated equation. Therefore, certain assumptions are made with respect to 
different situations, enabling the equation to be simplified to permit approximate 
solutions. To achieve this, equation (4.9) is manipulated as follows. 
( ) ( ) ( ) ( ) ( )[ ]























        
)
where   
k
R=γ   λ
πδ R2=            22Vmδ=Ω
P, Q, M Axial tension, shear and bending moment 
β     Flexural rigidity of the ring  
pσ   Extensional rigidity  
qσ  Shear rigidity  
k    Radius of gyration of the cross section 
R  Radius of the ring 
m Mass per unit length  






Consider the situation whereby the wavelength λ  is greater than the ring 
circumference ( Rπλ 2> ); therefore, λ
πδ R2=  < 1. For the thin wall rings in this study, 
, resulting in kR >> 1>>=
k
Rγ ; consequently, δγ >> . In addition, 2k
β ,  and  are 
generally of the same order of magnitude.  
pσ qσ
Consider the coefficient of the second term in Eqn (4.9): 
( ) ( ) ( ) ( ⎥⎦⎤⎢⎣⎡ ++−++++ 1111 2222222222 δγδσσδδσ )βδδσβ qppq kk  (F.1) 
qk
σβ2 , pk σ
β
2  and qpσσ  are of the same order. ( )122 +δδ , ( )122 +δδ  and 
are at most of unit order; they are very small values compared to ( 22 1−δ ) ( )122 +δγ  
because 1>>γ . Therefore, the expression (F.1) can be simplified to ( )22 1 δγσσ +qp . 
Consider the coefficient of the third term in Eqn (4.9): 
( ) ( )2222
2





, pσ  and qσ  are of the same order.  and 2δ ( )21 δ+  are at most of unit 
order; they are very small values compared with  because2γ 1>>γ . Therefore, the 
expression (F.2) can be simplified to . 2γσ q
As a result, Equation (4.9) can be simplified to  
( ) ( ) 011 322222222 =Ω−Ω+Ω+−− γσδγσσδσσδβ qqpqpk  (F.3) 
Explicit expressions for the roots of equation (F.3) in terms of Ω  are also very 





order of magnitude of  are governed by the magnitude of the parameter Ω γ ; the three 
roots Ω  of the cubic equation (F.3) are respectively of the order of 21 γ ,  and unity. 
Since 
2γ
1>>γ , then 11 2 <<γ  and . 12 >>γ
When  is of the order of Ω 21 γ , the two high order terms, i.e.  and 22Ωγσ q 3Ω , 
can be eliminated because they are much smaller compared with the other two terms. 
Eqn (F.3) then reduces to 
( ) ( ) 011 222222 =Ω+−− δγσσδσσδβ qpqpk  










Similarly, the other two roots of Ω  can be extracted and are shown below, 
together with 1Ω : 





























In the solutions corresponding to (F.4), the relative error involved in each root is 
of the order of 21 γ . 





























































                                   where λ > Rπ2  
It can be also shown that V1, V2 and V3 are respectively the phase velocities for 
shear, flexural and extensional waves. The positive and negative signs in each 
expression represent the two opposite directions of transmission along the curvature 





Appendix G Newton’s Method for Finding the Roots of an Equation 
If  is a differentiable function and  is some point which is suspected to be 
in the vicinity of a solution to the equation 
( )xf 0x
( ) 0=xf , a linear approximation of ( )xf
x
 at 
 can be made and solved.  0
Denote  as the solution to 1x ( ) ( ) ( )( ) 0' 000 =−+= xxxfxfxl . In other words,  
( ) ( )( ) 0' 0100 =−+ xxxfxf  
then  ( )( )0
0
01 ' xf
xfxx −=−  
so    ( )( )0
0
01 ' xf
xfxx −=  
If the initial estimate of x  is good, the approximate solution x  yields an even 
closer approximation to the solution of 
0 1
( ) 0=xf . With , the process can be repeated 
to obtain ,  and so on. If, after 
1x
2x 3x n iterations, the approximate solution is x , then 










Figure G-1 shows the 
progression of this iteration 
process. Provided that the initial 
value of x  is properly selected 
and makes the iteration process 
convergent, this method will 
0
  
Fig. G-1 Iteration process to obtain an approximate




produce approximate solutions to any degree of accuracy.  
In the case that ( ) 0=xf  is a cubic equation, one of the three roots, , can be 
calculated using the method just described. Following that, the other two roots can be 
obtained by solving a quadratic equation, which is obtained by dividing 
1x
( ) 0=xf  by 






Appendix H   Stress-strain Curves from Compression Tests on Single Rings 
 






















(a)  38.1x3 Brass rings 





















(b)  38.1x3 Al alloy rings 
Average apparent elastic modulus = 187.3 MPa  
 
E1= 6.734 MPa






















(c)  38.1x1 Al alloy rings 




























(d) 38.1x1 Brass rings 




























(e)  25.4x1 Brass rings 








Appendix I   Determination of Wave Commencement of Selected Frequency Component  
 
Discrete Fourier Transformation (DFT) decomposes a signal into a series of 
discrete frequency components. To determine the wave speeds associated with 
dominant components, it is necessary to locate the commencements of these waves. 
For the convenience in analyzing the effect of signal processing on changes to the 
wave commencement point, a synthesized signal assembled from several sinusoidal 
waves is established and analyzed. 
Consider a synthesized signal comprising four simple waves, where three of them 
are sinusoids and the 4th is a constant. Each of these four components possesses a 
commencement point whose position is differs from the others, as shown in Figure I-1. 
The frequencies of the three sinusoidal components are also different from each other.  
By applying a DFT to the synthesized signal, its frequency components can be 
identified by the positions of three peaks along the abscissa of the DFT, as shown in 
Figure I-2. It is noted that results of DFT are actually a series of complex numbers, 
while the Figure I-2 only shows their modulus.  
To effect filtering of the DFT spectrum to extract a single frequency, all data in 
the DFT spectrum are set as zero, except one of the three dominant frequency 
components. Then, inverse DFT is applied to obtain the filtered signal in the time 












Fig. I-1 A synthesized signal and its components 
(a) Synthesized signal 
(b), (c) and (d): component sinusoids with frequencies f1, f2 and f3, respectively. 
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(a)       (b) 
 
(c) 
Fig. I- 3 Filtered signals and comparison with original components 
(a) Three filtered signals with different frequency components 
(b) Comparison of filtered signals with corresponding components 
(c) Close-up views of wave commencement  
 
Obviously, the filtered signals are simple sinusoidal waves that cover the whole 
window. Comparing the filtered signals with corresponding components in the 
original signal, as shown in Figure I-3 (b) and (c), the starting point of the original 
signal is exactly the point where  the filtered signal crosses the zero level. This 
indicates that the filtering and inverse DFT processes do not change the position of 
wave commencement.  
Take an example of actual signals obtained from an impact test on a ring array; 






Figure I-4 shows an example of an input and output signal. For the input signal, its 
commencement is easy to locate because there is a sharp rise defining the front of the 
wave, and all frequency components start at that point in time. Although the exact 
commencement of the output signal can be located, the algorithm presented earlier to 
determine the commencements of different frequency components must be used. The 
DFT of the output signal in Figure I-5 shows that low frequency components (<500Hz) 
have the largest amplitudes and carry most of the energy. There are two small peaks 
corresponding to 6500 Hz and 9500 Hz and these components, together with the 500 































(a) input signal    (b) output signal 






























Setting all frequency components to zero except for these three dominant 
components and applying inverse DFT results in three sinusoidal waves, as shown in 
Figure I-6. As point B had been identified as the commencement of the output signal, 
all frequency components must appear after point B. Therefore, the first point on the 
right hand side of point B that crosses the zero level in the filtered signal is the 
starting point of that frequency component. Fig I-6 illustrates the process of 
identifying the commencements of different frequency components. Points A and B 
are respectively the commencements of the input and output signals. In the 500 Hz 
filtered signal, point C is the first point on the right hand side of B where the 500 Hz 
signal crosses zero and is therefore the commencement of the 500Hz component. 
Hence, the interval AC is the travel time for the 500 Hz frequency component. 
Similarly, AD and AE are identified respectively as the travel times for the 6,500Hz 



























































(c) 9500 Hz filtered signal 
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Appendix K   DSO Signals from Impact Tests on Single Rings 






































































































































A. 38.1x1 Brass ring (average time interval = s) 510583.1 −×
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C. 38.1x1 Al alloy ring (average time interval = s) 510169.1 −×
 
 
















































































































































(a)          




































































s510073.1 −× B 
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s510094.1 −× B 








Appendix L   DSO Signals from Impact Tests on Ring Arrays 
 
38.1x1 Brass rings in square packed arrangement with unconstrained sides 






































































































Enlarged view of the wave front 












































































































Enlarged view of the wave front 
Time interval  = 0.00056 s 
 







38.1x1 Brass rings in transverse close packed arrangement with unconstrained sides 







































































































Enlarged view of the wave front 










































































































Enlarged view of the wave front 
Time interval  = 0.00040 s 
 







38.1x1 Brass rings in vertical close packed arrangement with unconstrained sides 




































































































Enlarged view of the wave front 






































































































Enlarged view of the wave front 
Time interval  = 0.00031 s 
 






38.1x3 Brass rings in square packed arrangement with unconstrained sides 





































































































Enlarged view of the wave front 






































































































Enlarged view of the wave front 
Time interval  = 0.000250 s 
 







38.1x3 Brass rings in transverse close packed arrangement with unconstrained sides 


































































































Enlarged view of the wave front 



































































































Enlarged view of the wave front 
Time interval  = 0.000206 s 
 







38.1x3 Brass rings in vertical close packed arrangement with unconstrained sides 
































































































Enlarged view of the wave front 

































































































Enlarged view of the wave front 
Time interval  = 0.000184 s 
 






38.1x1 Al alloy rings in square packed arrangement with unconstrained sides 



































































































Enlarged view of the wave front 








































































































Enlarged view of the wave front 
Time interval  = 0.000676 s 
 







38.1x1 Al alloy rings in transverse close packed arrangement with unconstrained sides 


































































































Enlarged view of the wave front 










































































































Enlarged view of the wave front 
Time interval  = 0.000386 s 
 







38.1x1 Al alloy rings in vertical close packed arrangement with unconstrained sides 


































































































Enlarged view of the wave front 







































































































Enlarged view of the wave front 
Time interval  = 0.000246 s 
 






38.1x3 Al alloy rings in square packed arrangement with unconstrained sides 
































































































Enlarged view of the wave front 






































































































Enlarged view of the wave front 
Time interval  = 0.000198 s 
 







38.1x3 Al alloy rings in transverse close packed arrangement with unconstrained sides 







































































































Enlarged view of the wave front 









































































































Enlarged view of the wave front 
Time interval  = 0.000136 s 
 







38.1x3 Al alloy rings in vertical close packed arrangement with unconstrained sides 



































































































Enlarged view of the wave front 





































































































Enlarged view of the wave front 
Time interval  = 0.000111 s 
 






25.4x1 Brass rings in square packed arrangement with unconstrained sides 

































































































Enlarged view of the wave front 

































































































Enlarged view of the wave front 
Time interval  = 0.000405 s 
 







25.4x1 Brass rings in transverse close packed arrangement with unconstrained sides 






























































































Enlarged view of the wave front 


































































































Enlarged view of the wave front 
Time interval  = 0.000390 s 
 







25.4x1 Brass rings in vertical close packed arrangement with unconstrained sides 




























































































Enlarged view of the wave front 





























































































Enlarged view of the wave front 
Time interval  = 0.000213 s 
 






38.1x1 Brass rings in square packed arrangement with constrained sides 






























































































Enlarged view of the wave front 































































































Enlarged view of the wave front 
Time interval  = 0.000483 s 
 







38.1x1 Brass rings in transverse close packed arrangement with constrained sides 





































































































Enlarged view of the wave front 


































































































Enlarged view of the wave front 
Time interval  = 0.00023 s 
 






38.1x1 Brass rings in vertical close packed arrangement with constrained sides 
































































































Enlarged view of the wave front 

































































































Enlarged view of the wave front 
Time interval  = 0.000382 s 
 







38.1x1 Al alloy rings in square packed arrangement with constrained sides 
































































































Enlarged view of the wave front 




































































































Enlarged view of the wave front 
Time interval  = 0.000396 s 
 







38.1x1 Al alloy rings in transverse close packed arrangement with constrained sides 






























































































Enlarged view of the wave front 


































































































Enlarged view of the wave front 
Time interval  = 0.000205 s 
 







38.1x1 Al alloy rings in vertical close packed arrangement with constrained sides 
































































































Enlarged view of the wave front 




































































































Enlarged view of the wave front 
Time interval  = 0.000324 s 
 





Appendix M   Stress-strain Curves from Compression Tests on Ring Arrays 
E2 = 7.38 MPa
















38.1x1 Al alloy rings 
in square packed arrangements with unconstrained sides 
[Average apparent elastic modulus E=7.38 MPa] 
E2 = 8.66 MPa

















38.1x1 Al alloy rings 
in transverse close packed arrangements with unconstrained sides 
[Average apparent elastic modulus E=8.46 MPa] 
E2 = 7.50 MPa

















38.1x1 Al alloy rings 
in vertical close packed arrangements with unconstrained sides 






E2 = 48.6 MPa
















38.1x1 Al alloy rings 
in square packed arrangements with constrained sides 
[Average apparent elastic modulus E=47.93 MPa] 
E2 = 1.324 MPa
















38.1x1 Al alloy rings 
in transverse close packed arrangements with constrained sides 
[Average apparent elastic modulus E=126.50 MPa] 
E2 = 100.5 MPa

















38.1x1 Al alloy rings 
in vertical close packed arrangements with constrained sides 







E1 = 9.47 MPa

















38.1x1 Brass rings 
in square packed arrangements with unconstrained sides 
[Average apparent elastic modulus E=9.45 MPa] 
E2 = 11.1 MPa



















38.1x1 Brass rings 
in transverse close packed arrangements with unconstrained sides 
[Average apparent elastic modulus E=10.95 MPa] 
E2 = 10.1 Mpa



















38.1x1 Brass rings 
in vertical close packed arrangements with unconstrained sides 







E2 = 55.7 MPa
















38.1x1 Brass rings 
in square packed arrangements with constrained sides 
[Average apparent elastic modulus E=55.27 MPa] 
E2 = 137.0 MPa

















38.1x1 Brass rings 
in transverse close packed arrangements with constrained sides 
[Average apparent elastic modulus E=137.75 MPa] 
E2 = 100.8 MPa



















38.1x1 Brass rings 
in vertical close packed arrangements with constrained sides 






Appendix N   Results of Discrete Fourier Transformation of Impact Signals 
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DFT of the wave front 
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DFT of the wave front 
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DFT of the wave front 
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DFT of the wave front 
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DFT of the wave front 
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DFT of the wave front 
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DFT of the wave front 
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DFT of the wave front 
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Appendix O   Filtered Components of Transmitted Signals and Determination of their 
Propagation Speeds 
 
38.1x1 Brass rings in square packed arrangement with unconstrained sides 















































N)200 Hz component12600 Hz component
200 Hz start point
12600 Hz start point
 
00153.000149.000302.0200 =−==fT  s 


















































N)200 Hz component12600 Hz component
200 Hz start point
12600 Hz start point
 
00159.000139.000298.0200 =−==fT  s 
00067.000139.000206.012800 =−==fT  s 
 
Average time interval:   00156.0200==fT  s 00066.012800==fT  s 
Component velocity along ring walls: 







38.1x1 Brass rings in transverse close packed arrangement with unconstrained sides 

















































200 Hz start point
 
 





















































200 Hz start point
 
 




Average time interval:   00140.0200==fT  s 
Component velocity along ring walls: 







38.1x1 Brass rings in vertical close packed arrangement with unconstrained sides 



















































200 Hz start point
4600 Hz start point
 
00153.000138.000291.0200 =−==fT  s 






















































200 Hz start point
4600 Hz start point
 
00145.000150.000295.0200 =−==fT  s 
00038.000150.000188.04600 =−==fT  s 
 
Average time interval:   00149.0200==fT  s 000385.04600==fT  s 
Component velocity along ring walls: 








38.1x3 Brass rings in square packed arrangement with unconstrained sides 

















































500 Hz start point
8500 Hz start point
15500 Hz component
15500 Hz start point
 
00057.000059.000116.0500 =−==fT  s 
00034.000059.000093.08500 =−==fT  s 




















































500 Hz start point
8500 Hz start point
15500 Hz component
15500 Hz start point
 
00057.000059.000116.0500 =−==fT  s 
00028.000059.000087.08500 =−==fT  s 
00025.000059.000084.015500 =−==fT  s 
 
Average time interval: 
   00057.0500==fT  s 00031.08500==fT  s 000265.015500==fT s 
Component velocity along ring walls: 







38.1x3 Brass rings in transverse close packed arrangement with unconstrained sides 















































500 Hz start point
 


















































500 Hz start point
 
00059.000059.000118.0500 =−==fT  s 
 
 
Average time interval:     00059.0500==fT  s  







38.1x3 Brass rings in vertical close packed arrangement with unconstrained sides 















































N)500 Hz component5000 Hz component
500 Hz start point
5000 Hz start point
 
00056.000059.000115.0500 =−==fT  s 




















































500 Hz start point
5000 Hz start point
 
00056.000059.000115.0500 =−==fT  s 
00023.000059.000082.05000 =−==fT  s 
 
Average time interval: 
     00056.0500==fT  s 00023.05000==fT  s 
Component velocity along ring walls: 






38.1x1 Al alloy rings in square packed arrangement with unconstrained sides 

















































200 Hz start point
7000 Hz start point
 
00151.000134.000285.0200 =−==fT  s 


















































200 Hz start point
7000 Hz start point
 
00164.000118.000282.0200 =−==fT  s 
00070.000118.000188.07000 =−==fT  s 
 
Average time interval: 
     00158.0200==fT  s 00070.07000==fT  s 
Component velocity along ring walls: 








38.1x1 Al alloy rings in transverse close packed arrangement with unconstrained sides 














































200 Hz start point
 


















































200 Hz start point
 
00137.000144.000281.0200 =−==fT  s 
 
 
Average time interval:     00134.0200==fT  s  







38.1x1 Al alloy rings in vertical close packed arrangement with unconstrained sides 














































N)200 Hz component4400 Hz component
200 Hz start point
4400 Hz start point
 
00135.000146.000281.0200 =−==fT  s 



















































200 Hz start point
4400 Hz start point
 
00134.000146.000280.0200 =−==fT  s 
00039.000146.000185.04400 =−==fT  s 
 
Average time interval: 
     001345.0200==fT  s 00039.04400==fT  s 
Component velocity along ring walls: 







38.1x3 Al alloy rings in square packed arrangement with unconstrained sides 
















































500 Hz start point
6500 Hz start point
9500 Hz component
9500 Hz start point
 
00048.000059.000107.0500 =−==fT  s 
00026.000059.000085.06500 =−==fT  s 


















































500 Hz start point
6500 Hz start point
9500 Hz component
9500 Hz start point
 
00047.000059.000106.0500 =−==fT  s 
00025.000059.000084.06500 =−==fT  s 
00020.000059.000079.09500 =−==fT  s 
 
Average time interval: 
   000475.0500==fT  s 000255.06500==fT   000205.09500==fT  s 
Component velocity along ring walls: 







38.1x3 Al alloy rings in transverse close packed arrangement with unconstrained sides 













































500 Hz start point
 















































500 Hz start point
 
00048.000059.000107.0500 =−==fT  s 
 
 
Average time interval:     000485.0500==fT  s  







38.1x3 Al alloy rings in vertical close packed arrangement with unconstrained sides 














































N)500 Hz component7500 Hz component
500 Hz start point
7500 Hz start point
 
00042.000059.000101.0500 =−==fT  s 



















































500 Hz start point
7500 Hz start point
 
00042.000059.000101.0500 =−==fT  s 
00015.000059.000074.07500 =−==fT  s 
 
Average time interval: 
     00042.0500==fT  s 00015.07500==fT  s 
Component velocity along ring walls: 






25.4x1 Brass rings in square packed arrangement with unconstrained sides 


















































200 Hz start point
4200 Hz start point
 
00105.000141.000246.0200 =−==fT  s 




















































200 Hz start point
4200 Hz start point
 
00094.000149.000243.0200 =−==fT  s 
00044.000149.000193.04200 =−==fT  s 
 
Average time interval: 
     000995.0200==fT  s 00049.04200==fT  s 
Component velocity along ring walls: 







25.4x1 Brass rings in transverse close packed arrangement with unconstrained sides 















































N)200 Hz component5200 Hz component
200 Hz start point
5200 Hz start point
 
00097.000141.000238.0200 =−==fT  s 

















































)200 Hz component5200 Hz component
200 Hz start point
5200 Hz start point
 
0009.000141.000231.0200 =−==fT  s 
00041.000141.000182.05200 =−==fT  s 
 
Average time interval: 
     00094.0200==fT  s 00043.05200==fT  s 
Component velocity along ring walls: 






25.4x1 Brass rings in vertical close packed arrangement with unconstrained sides 
















































N)200 Hz component3800 Hz component
200 Hz start point
3800 Hz start point
 
00078.000144.000222.0200 =−==fT  s 






















































200 Hz start point
3800 Hz start point
 
00081.000144.000225.0200 =−==fT  s 
00026.000144.000170.03800 =−==fT  s 
 
Average time interval: 
     0008.0200==fT  s 0003.03800==fT  s 
Component velocity along ring walls: 
  5.200200==fV  m/s 2.5443800==fV  m/s  
 O-15
